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– Spontaneous fission
– Alpha decay
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Time-dependent	density	functional	
theory	(TDDFT)	for	nuclei

• Time-odd	densities	(current	density,	spin	
density,	etc.)

• TD	Kohn-Sham-Bogoliubov-de-Gennes eq.
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Decoupled submanifold

• Collective canonical variables ($, &)
– 67, 87 → $, &; 	$< , &<; 			= = 2,⋯ ,?@A

• Finding a decoupled submanifold Σ
$̇< =

DE

D@
F
G
≈ 0

&̇< = −
DE

DJ
F
G
≈ 0

Klein, Do Dang, Walet, Phys. Rep. 335, 93 (2000) 
Nakatsukasa, Prog. Theor. Exp. Phys. 2012, 01A207 (2012)

on the submanifold Σ

ξα

π
α

qi

pi

(qa,pa)  a = K+1,...,M
Decoupled collective sub-manifold (i = 1,...,K)

Non-collective d.o.f.

TDDFT phase space (α = 1,..., M)
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Numerical procedure

6$,7 =
N$

N67

DO

DPQ
−

DO

DJ

DJ

DPQ
= 0 Moving mean-field eq.

RST UT
DO

DPQ
DJ

DPV
= W0

DJ

DPQ
Moving RPA eq.

Move to the next point
67 + X67 = 67 + Y6,J

7

Moving MF eq. to 
determine the point: 67

6,J
7 =

N67

N$

Tangent vectors (Generators)



3D real space representation

X [ fm ]

y 
[ f

m
 ]

Wen, T.N., PRC 96, 014610 (2017).
Wen, T.N., PRC 94, 054618 (2016).

• 3D space discretized in lattice
• BKN functional: 5Z[\[^, _] (rather schematic)
• Moving mean-field eq.: Imaginary-time method
• Moving RPA eq.Ô Finite amplitude method (PRC 

76, 024318 (2007) )
At a moment, no pairing

1-dimensional reaction path 
extracted from the Hilbert space of 
dimension of 104 ~105.



16O + α scattering

• Reaction to synthesize heavy elements in 
giant stars
– Alpha reaction

16O 4He

20Ne



16O + α to/from 20Ne
Change of density distribution along 
the reaction path

20Ne



44 Y. Fujiwara, H. Horiuchi, K. Ikeda, M. Kamimura, K. Kato, Y. Suzuki and E. Uegaki 
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Fig.1-5. Low-lying T=O energy levels of "'Ne with excitation energies in MeV and with 
reduced a-widths (Oa(a)') at the channel radius a=6 fm. The excitation energies 
and the a-decay widths are taken from Ref. 91) except those of the 12.44 MeV Oo + 

state (Ref. 92)). Almost all the levels below about 10 MeV excitation are classified 
into rotational bands. The dashed bars denote tentative band assignment. The (sd)' 
shell model reproduces the K"=O,• and o,• bands, the 160+a cluster model the 
K"=o,•, o.• and o- bands, the ESM (MRGM) and the a-"C-a GCM the K"=o,•, 
o,•, o,• and o- bands, and the ('"0-a) + ("C-"Be) CCOCM and the "C+2a OCM the 
K"=o,•, o,•, o.•, o.+, 2- and o- bands. 

(ground state), 02 + (6.72 MeV), 03 + (7.19MeV), 0& + ('"'-'8.3 MeV), z- (4.97 MeV) 
and 1- (5.78 MeV) states respectively, as shown in Fig. 1-5. 

The sd-shell model which treats the 160 closed shell as an inert core 
has initiated full scale studies of the ground and the low-lying excited states 
of 20Ne and gave a basis for understanding the properties of those states. One 
of the representative works is the extensive investigation of the low-lying even-
parity states of 20Ne by Akiyama, Arima and Sebe.93l They reproduced well 
the level structure of the ground band (Kn = 01 +) states and several other 
levels and the B (E2) strengths between the Kn = 01 + band states. Their use 
of rather large effective charge (8e = 0.5e) in the B (E2) analysis, however, 
suggests the presence of correlations which are not yet included in the shell 
model. This correlation may be understood to be the one which induces the 
deformed single particle field like in the heavy nuclei. On the other hand 
it is possible to regard this as being the a-clustering correlation, and through 
the process we mention hereafter the recognition of the importance of the a-
clustering correlation has been developed with strong confirmation. 
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20Ne: Cluster states

Preliminary



20Ne: Inertial mass

Reduced	mass
a " → 3.2d

Strong increase in the mass 
near the ground state of 20Ne
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Reaction path

ADIABATIC SELF-CONSISTENT COLLECTIVE PATH IN . . . PHYSICAL REVIEW C 96, 014610 (2017)
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FIG. 3. Potential energy for the fusion path 16O + α → 20Ne as
a function of relative distance R. The solid (red) line corresponds
to V (R) on the ASCC collective path, while the dashed (green) line
shows 16e2/R + Eg.s.(α) + Eg.s.(16O) for reference. The horizontal
dashed (gray) line indicates the asymptotic energy of Eg.s.(16O) +
Eg.s.(α).

particular, for the CHF calculation with quadrupole constraint
of Q̂20, the collective path is not continuous due to the sudden
change of the state at around R = 4 fm.

2. Inertial mass

At the Hartree–Fock ground state, the ASCC inertial mass
coincides with the RPA inertial mass, which is able to take
into account the effect of the time-odd mean fields [12].
Performing the transformation of Eq. (20), we may obtain
those with respect to the relative distance R. In the asymptotic
region of large values of R, we expect that the inertial mass
becomes identical to the reduced mass of projectile and target,
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FIG. 4. Octupole Q30 moment as a function of relative distance
R. The solid (red) line indicates the result of ASCC collective fusion
path of 16O + α → 20Ne, the dotted (green) and dashed (blue) lines
indicate the results of CHF calculation with constraint on Q20 and
Q30, respectively.

µred = AproAtarm/(Apro + Atar), where m is the nucleon mass.
In most phenomenological models, in fact, the mass parameter
with respect to R is assumed to be a constant value of µred.
In the present microscopic treatment, we may study how the
inertial mass changes during the collision.

One of the most common approaches to the nuclear
collective motion is “CHF + cranking” approach [29]: The
collective path is produced by the CHF calculation with a given
constraining operator Ô, and the inertial mass is calculated
with the cranking formula. Since the quadrupole operator
cannot produce a continuous path, we here use the octupole
operator, Ô = Q̂30, to construct the path. For the cranking
mass, we adopt two types of widely used formulas. The original
formula is derived by the adiabatic perturbation [26]. For the
one-dimensional (1D) collective path constructed by the CHF
calculation with a given constraining operator Ô, it reads

MNP
cr (R) = 2

∑

n∈p,j∈h

|⟨ϕn(R)|∂/∂R|ϕj (R)⟩|2

en(R) − ej (R)
, (25)

where the single-particle states and energies are defined with
respect to hCHF(R) = hHF[ρ] − λ(R)Ô as

hCHF(R)|ϕµ(R)⟩ = eµ(R)|ϕµ(R)⟩, µ ∈ p,h. (26)

hHF[ρ] is the single-particle mean-field Hamiltonian reduced
from H .

Another cranking formula, which is more frequently used
in many applications, is derived by assuming the separable
interaction and taking the adiabatic limit of the RPA inertial
mass,

MP
cr(R) = 1

2 {S(1)(R)}− 1S(3)(R){S(1)(R)}− 1, (27)

with

S(k)(R) =
∑

n∈p,j∈h

|⟨ϕn(R)|R̂|ϕj (R)⟩|2

{en(R) − ej (R)}k
. (28)

According to Ref. [29], we call the former one in Eq. (25)
“nonperturbative” cranking inertia and the latter in Eq. (27)
“perturbative”. In contrast to the ASCC or RPA mass, the
cranking masses of Eqs. (25) and (27) both neglect the residual
effect. The cranking formulas produce the wrong total mass
for the translation, when the time-odd mean fields are present.

Figure 5 shows the ASCC inertial mass and the cranking
masses for 16O + α → 20Ne as a function of R. When the
two nuclei are far away, the ASCC inertial mass as well
as the cranking masses asymptotically produce the correct
reduced mass of µred = 3.2m. The success of the cranking
formulas at large R is due to the simplicity of the BKN density
functional that does not contain time-odd mean densities. Thus,
this should not be generalized to more realistic EDFs. As the
projectile and the target approach to each other, the ASCC
inertial mass monotonically increases, while the cranking
masses show different behavior. Particularly, the perturbative
cranking mass MP

cr(R) completely differs from the ASCC and
nonperturbative cranking masses. It is much smaller than the
ASCC values and even smaller than µred. The nonperturbative
cranking mass based on the Q̂30-constrained path is similar to

014610-5

20Ne

16O α

Discontinuous with e0M constraint



20Ne: Collective potential
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Alpha reactionÔ16O + α
Synthesis of 20Ne

9

pecially near the SD state. Our result shows a peculiar
increase in the inertial mass near the SD local minimum
(R = 4.9 fm). On the contrary, the ATDHF result of
Ref. [32] even shows a decrease near the ending point at
R ≈ 5 fm. In our previous study on α + α →8Be, we
have also found that the ATDHF potential is relatively
similar to that of the ASCC, while the inertial masses are
different.

C. Sub-barrier fusion cross section

The ASCC calculation provides us the collective
Hamiltonian on the optimal reaction path. Using this,
we demonstrate the calculation of sub-barrier fusion cross
section for 16O+α→ 20Ne and 16O+16O→32S. We follow
the procedure in Ref. [32].
Using the collective potential V (R) and the inertial

mass M(R) obtained in the ASCC calculation, the sub-
barrier fusion cross section is evaluated with the WKB
approximation. The transmission coefficient for the par-
tial wave L at incident energy Ec.m. is given by

TL(Ec.m.) = [1 + exp(2IL)]
−1, (29)

with

IL(Ec.m.) =

∫ b

a
dR

{
2M(R)

×
(
V (R) +

L(L+ 1)

2µredR2
− Ec.m.

)}1/2
, (30)

where a and b are the classical turning points on the inner
and outer sides of the barrier respectively. The centrifu-
gal potential is approximated as L(L+1)/(2µredR2). The
fusion cross section is given by

σ(Ec.m.) =
π

2µredEc.m.

∑

L

(2L+ 1)TL(Ec.m.). (31)

For identical incident nuclei, Eq. (31) must be modified
according to the proper symmetrization. Only the partial
wave with even L contribute to the cross section as

σ(Ec.m.) =
π

2µredEc.m.

∑

L

[1 + (−)L](2L+ 1)TL(Ec.m.).

(32)

Instead of σ(Ec.m.), one usually refers to the astrophys-
ical S factor defined by

S(Ec.m.) = Ec.m.σ(Ec.m.) exp[2πZ1Z2e
2/!v], (33)

where v is the relative velocity at R → ∞. The as-
trophysical S factor is preferred for sub-barrier fusion
because it removes the change by tens of orders of mag-
nitude present in the cross section due to the trivial pen-
etration through the Coulomb barrier. The S factor may
reveal in a more transparent way the influence of the nu-
clear structure and dynamics.
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FIG. 11. (Color online) The astrophysical S factor for the sub-
barrier fusion of 16O+α (upper panel) and 16O+16O (lower
panel), as a function of incident energy Ec.m.. The solid line
indicates the results obtained with the ASCC inertial mass
M(R), the dashed lines are calculated with the constant re-
duced mass µred.

Figure 11 shows the calculated S factor for the scatter-
ing of 16O+α and 16O+16O, respectively. For 16O+16O,
the values of the S factor are plotted in log scale. The
dashed line is calculated with the same potential V (R)
but with the reduced mass, replacing M(R) by the con-
stant value of µred in Eq. (30). Effect of the inertial
mass is significant in the deep sub-barrier energy region,
especially for the reaction of 16O+16O at Ec.m. < 4 MeV.
Because of a schematic nature of the BKN density func-
tional, we should regard this result as a qualitative one.
Nevertheless, it suggests the significant effect of the iner-
tial mass and roughly reproduces basic features of exper-
imental S factor for the 16O-16O scattering. This demon-
strates the usefulness of the requantization approach us-
ing the ASCC collective Hamiltonian.

IV. SUMMARY

Based on the ASCC method we developed a numerical
method to determine the collective path for the large
amplitude nuclear collective motion. We applied this
method to the nuclear fusion reactions; 16O+α →20Ne
and 16O+16O→32S. In the grid representation of the 3D
coordinate space, the reaction paths, collective poten-
tials, and the inertial masses are calculated.

The ASCC collective path smoothly connects the ini-

E [ MeV ]

j 5 =
1

5
k 5 ×m(5)

Fusion reaction:
Astrophysical S-factor

Effect	of	dynamical	change	of	the	inertial	mass
Dashed	line:			Constant	reduced	mass	(	a " → 3.2d)

With	a "
With	.
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