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• Quantum clusters
• Low-energy nuclear reaction

– Reaction path, Inertial mass
• Neutron-star crust

– Pasta phase, Entrainment effect



Quantum clusters

“Classical” “Quantum”

Nuclear deformation 
and clustering

Inner crust of N?



Importance of quantum fluctuation

alpha-alpha potential Spherical velocity distribution

Nuclear deformation
Clustering

Minimal kinetic energy → Infinite uniform matter
Maximal attractive interaction → Finite nucleus @
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Neutron	stars	matter
• Inner	crust	
Neutron	rich	Nuclei
+	low-density	neutrons	gas
+	electrons	gas

(ρ0=3;1014 g	cm-3 )

William	G.	Newton	(2013)

Neutron	drip	line

3~10	ρ0

0.5	ρ0

0.001ρ0

1.4~2	M⊙	

Toward	accurate	
description	of	inner	crust





• Periodic	potential along	z	axis
V(z	+	a)=V(z)

• KS	equation	:	
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Number	of	k	=	Number	of	unit	cells
In	the	present	cal.	we	adopt	30	points	for	k.

Self-consistent	band	calculation
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Validity	of	TF	approx.	
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Beta equilibrium

TF approx.:
Good at beta equilibrium
Bad at low density and high 89



Density	profiles
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Beta equilibrium
&: = 0.08	fm@A

Beta equilibrium
&: = 0.02	fm@A

89 = 0.25

&: = 0.02	fm@A

Anti-slab phase

7 ≈ 20 fm

7 ≈ 100 fm (TF)
7 ≈ 110 fm (Band)

7 ≈ 20 fm

7 ≈ 40 fm (TF)
7 ≈ 50 fm (Band)



Band	calculation	

Uniform

Non-uniform
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&: = 0.04	fm@A

(beta equilibrium)
FG = 8.45 MeV
7 = 56.4 fm

Kashiwaba and Nakatsukasa,
JPS Conf. Proc. 14, 020801 (2017) 
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current is given to first order in δk by

j n = mn

∑

α

∫
d3 k

(2π )3h̄
δñαk ∇ k εαk ≡ nc

n pn, (14)

where mn is the neutron mass, δñαk ≡ ñαk − ñ0
αk denotes the

change in the distribution function (ñ0
αk being the ground-

state distribution), while the density nc
n is defined in terms of

the trace of the effective mass tensor introduced in solid-state
physics [16]

(
1

m∗
n(k )α

)

ij

= 1

h̄2

∂2εαk

∂ki∂kj

, (15)

nc
n = 1

3

∑

α

∫
d3k

(2π3)
ñ0

αk Tr
[

mn

m∗
n(k )α

]
. (16)

Incidentally the neutron effective mass tensor (15) has been
also introduced for the study of neutron diffraction in ordinary
crystals [19,20]. Since the ground-state distribution is simply
given by ñ0

αk = H (εF − εαk ), where H (x) is the Heaviside
unit-step distribution, the integral in Eq. (16) has to be taken
over the Fermi volume. The Fermi energy εF is the Lagrange
multiplier introduced during the minimization of the total
energy (1) in order to ensure the conservation of the neutron
number

nn =
∑

α

∫
d3k

(2π3)
ñ0

αk . (17)

The density nc
n can be interpreted as the density of

conduction neutrons by analogy with conduction electrons in
ordinary metals. These conduction neutrons are not entrained
by nuclei and can thus be considered as being effectively free.
Equation (14) implies that in an arbitrary frame where the
crust moves with a velocity v p, the neutron mass current will
no longer be aligned with the neutron momentum, but will be
given by

j n = nc
n pn +

(
nn − nc

n

)
mnv p. (18)

The quantity nn − nc
n can be interpreted as the density of

neutrons that are effectively bound to nuclei.
Alternatively, the neutron conduction can be expressed

in terms of an effective mass m⋆
n by writing the neutron

momentum in the crust frame

pn ≡ m⋆
nvn, (19)

where vn is the average velocity of free neutrons defined by

j n ≡ nf
nmnvn. (20)

Comparing Eqs. (19) and (20) with (14) leads to the following
expression for the effective mass:

m⋆
n = mn

nf
n

nc
n

. (21)

IV. NUMERICAL RESULTS

In principle, the ground-state structure of the neutron-star
crust at a given average nucleon density could be determined
by solving self-consistently the EDF equations (7)–(9) with

Bloch boundary conditions (13) under the constraint of beta
equilibrium. Considering that the equilibrium structure of
the crust is a body centered cubic crystal, these calculations
should be repeated for different lattice spacings until the
lowest total energy (1) is found. Such calculations would
be computationally extremely expensive. For this reason, we
have taken the composition of the crust, as found in Ref. [2].
These calculations were based on the fourth-order extended
Thomas-Fermi (ETF) method with proton shell effects added
via the Strutinsky-integral (SI) theorem. Neutron shell effects
were neglected since they were shown to be much smaller
than proton shell effects [21]. This so-called ETFSI method
is actually a high-speed approximation to the self-consistent
EDF equations (7)–(9). The functional BSk14 [22] used in
Ref. [2] was not only fitted to essentially all the available
experimental atomic mass data with a root mean square
deviation of 0.73 MeV, but was also constrained to reproduce
the neutron-matter equation of state of Ref. [23], obtained from
many-body calculations using realistic two- and three-body
nucleon-nucleon interactions. As a matter of fact, this equation
of state is in good agreement with more recent calculations
[24–26] in the density domain relevant to neutron-star crusts.
For all these reasons, the Skyrme interaction BSk14 is
particularly well suited for studying neutron-star crusts. The
neutron and proton density distributions are shown in Fig. 1
for a few crustal layers.

The neutron energy bands εαk have been calculated by
solving Eqs. (7)–(9) with Bloch boundary conditions (13)
using the self-consistent fields obtained in Ref. [2]. The
spin-orbit potential W n(r), which is proportional to ∇nn(r)
and ∇np(r), is much smaller in neutron-star crusts than that in
isolated nuclei and has therefore been neglected. The neutron
band structure has been computed by expanding the neutron
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FIG. 1. Neutron (solid line) and proton (dashed line) density
profiles inside the Wigner-Seitz cell for different baryon densities n̄

(in fm−3), as obtained with the ETFSI method [2]. Note the formation
of “bubbles” at n̄ = 0.08 fm−3: the nucleon densities are slightly
larger at the cell edge than at the cell center.
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current is given to first order in δk by
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where mn is the neutron mass, δñαk ≡ ñαk − ñ0
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change in the distribution function (ñ0
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Incidentally the neutron effective mass tensor (15) has been
also introduced for the study of neutron diffraction in ordinary
crystals [19,20]. Since the ground-state distribution is simply
given by ñ0

αk = H (εF − εαk ), where H (x) is the Heaviside
unit-step distribution, the integral in Eq. (16) has to be taken
over the Fermi volume. The Fermi energy εF is the Lagrange
multiplier introduced during the minimization of the total
energy (1) in order to ensure the conservation of the neutron
number

nn =
∑

α

∫
d3k

(2π3)
ñ0

αk . (17)

The density nc
n can be interpreted as the density of

conduction neutrons by analogy with conduction electrons in
ordinary metals. These conduction neutrons are not entrained
by nuclei and can thus be considered as being effectively free.
Equation (14) implies that in an arbitrary frame where the
crust moves with a velocity v p, the neutron mass current will
no longer be aligned with the neutron momentum, but will be
given by

j n = nc
n pn +

(
nn − nc

n

)
mnv p. (18)

The quantity nn − nc
n can be interpreted as the density of

neutrons that are effectively bound to nuclei.
Alternatively, the neutron conduction can be expressed

in terms of an effective mass m⋆
n by writing the neutron

momentum in the crust frame

pn ≡ m⋆
nvn, (19)

where vn is the average velocity of free neutrons defined by

j n ≡ nf
nmnvn. (20)

Comparing Eqs. (19) and (20) with (14) leads to the following
expression for the effective mass:

m⋆
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IV. NUMERICAL RESULTS

In principle, the ground-state structure of the neutron-star
crust at a given average nucleon density could be determined
by solving self-consistently the EDF equations (7)–(9) with

Bloch boundary conditions (13) under the constraint of beta
equilibrium. Considering that the equilibrium structure of
the crust is a body centered cubic crystal, these calculations
should be repeated for different lattice spacings until the
lowest total energy (1) is found. Such calculations would
be computationally extremely expensive. For this reason, we
have taken the composition of the crust, as found in Ref. [2].
These calculations were based on the fourth-order extended
Thomas-Fermi (ETF) method with proton shell effects added
via the Strutinsky-integral (SI) theorem. Neutron shell effects
were neglected since they were shown to be much smaller
than proton shell effects [21]. This so-called ETFSI method
is actually a high-speed approximation to the self-consistent
EDF equations (7)–(9). The functional BSk14 [22] used in
Ref. [2] was not only fitted to essentially all the available
experimental atomic mass data with a root mean square
deviation of 0.73 MeV, but was also constrained to reproduce
the neutron-matter equation of state of Ref. [23], obtained from
many-body calculations using realistic two- and three-body
nucleon-nucleon interactions. As a matter of fact, this equation
of state is in good agreement with more recent calculations
[24–26] in the density domain relevant to neutron-star crusts.
For all these reasons, the Skyrme interaction BSk14 is
particularly well suited for studying neutron-star crusts. The
neutron and proton density distributions are shown in Fig. 1
for a few crustal layers.

The neutron energy bands εαk have been calculated by
solving Eqs. (7)–(9) with Bloch boundary conditions (13)
using the self-consistent fields obtained in Ref. [2]. The
spin-orbit potential W n(r), which is proportional to ∇nn(r)
and ∇np(r), is much smaller in neutron-star crusts than that in
isolated nuclei and has therefore been neglected. The neutron
band structure has been computed by expanding the neutron
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FIG. 1. Neutron (solid line) and proton (dashed line) density
profiles inside the Wigner-Seitz cell for different baryon densities n̄

(in fm−3), as obtained with the ETFSI method [2]. Note the formation
of “bubbles” at n̄ = 0.08 fm−3: the nucleon densities are slightly
larger at the cell edge than at the cell center.
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FIG. 4. Left panel: neutron band structure in the inner crust of
a neutron star at the average baryon density n̄ = 0.08 fm−3 along
high-symmetry lines in the first Brillouin zone (only unbound states
are shown). The arrow indicates the position of the neutron Fermi
energy. Right panel: band structure of a uniform neutron gas at density
nf

n (reduced zone scheme). For comparison with the left panel, all
bands have been slightly shifted.

Even though this expression is fully equivalent to Eq. (16),
it is computationally much more convenient since only the
evaluation of the first derivative of εαk is needed. In addition,
this derivative can be easily calculated analytically using the
Hellmann-Feynman theorem [28]

∂εk

∂ki

=
∑

Gα ,Gβ

ϕ̃k(Gα)∗B̃n(Gβ − Gα)
(
2ki + Gi

α + Gi
β

)
ϕ̃k(Gβ),

(27)

with the wave functions normalized as
∑

β

|ϕ̃k(Gβ)|2 = 1. (28)

For each average density n̄, the neutron Fermi energy εF has
been determined solving Eq. (17) using the mean-value point
method [29]. The Fermi surface integral in Eq. (18) has been
evaluated with the Gilat-Raubenheimer method [30] using up
to 1360 points in the irreducible domain (i.e., 65 280 points
in the first Brillouin zone) in order to ensure a precision
of a few percent. Results are summarized in Table I. As
expected from the band structures, the flow of neutrons is
almost unaffected by nuclei in the peripheral regions of
the inner crust. On the contrary, the neutron conduction
is found to be almost completely suppressed at densities
n̄ ∼ 0.02–0.03 fm−3. Whereas more than 90% of neutrons are
unbound in these layers, less than 10% of them are actually
conducting leading to a huge enhancement of the neutron
effective mass m⋆

n ≃ 13.6mn. Incidentally, this result is in close
agreement with the effective mass m⋆

n ≃ 15.4mn obtained
in a previous work [9] using a different crust model, thus
suggesting that such strong entrainment effects are generic.
However, further work remains to be done exploring the
dependence of m⋆

n on the nuclear energy density functional.

TABLE I. Composition of the inner crust of cold nonaccreting
neutron stars as obtained from Ref. [2]. Z and A are, respectively, the
average number of protons and the total average number of nucleons
inside the Wigner-Seitz cell. nn is the average neutron density, nf

n is the
density of free neutrons as defined by the quantity ρBn in Ref. [2], nc

n

is the density of conduction neutrons, and m⋆
n is the neutron effective

mass. Note that in the densest layer, nf
n > nn due to the formation of

bubbles as indicated in Fig. 1.

n̄ (fm−3) Z A nf
n/nn (%) nc

n/nf
n (%) m⋆

n/mn

0.0003 50 200 20.0 82.6 1.21
0.001 50 460 68.6 27.3 3.66
0.005 50 1140 86.4 17.5 5.71
0.01 40 1215 88.9 15.5 6.45
0.02 40 1485 90.3 7.37 13.6
0.03 40 1590 91.4 7.33 13.6
0.04 40 1610 88.8 10.6 9.43
0.05 20 800 91.4 30.0 3.33
0.06 20 780 91.5 45.9 2.18
0.07 20 714 92.0 64.6 1.55
0.08 20 665 104 64.8 1.54

V. MICROSCOPIC ORIGIN OF ENTRAINMENT

The large discrepancy between the density of unbound
neutrons and the density of conducting neutrons is somehow
counterintuitive. Indeed in ordinary metals, the electrons that
are tightly bound inside the individual atoms constituting
the solid have their wave function vanishing exponentially
outside atoms and are therefore not much affected by the Bloch
boundary conditions. As a consequence, their energy bands in
kspace are essentially flat so that ∇kεαk ≃ 0, hence yielding a
negligible contribution to the current. The nontrivial electron
band structure arises from the most loosely bound “valence”
electrons in the isolated atoms which become delocalized
in a metal and which can be generally identified with the
conduction electrons (still, the density of valence electrons
is not exactly equal to the density of conduction electrons).
On the contrary, the neutron-saturated nuclei found in the
inner crust of a neutron star only exist because of the Pauli
blocking effect from the surrounding neutron liquid but would
decay immediately in vacuum. For the reasons mentioned
above, neutrons bound inside nuclei do not contribute to the
current. Since unbound neutrons are delocalized, one might
naively expect that they are all conducting. Indeed, ignoring the
crystal lattice and treating the unbound neutrons as a uniform
gas of density nf

n, it follows immediately from Eq. (16) or
(26) that nc

n = nf
n. However, it should be emphasized that the

density of conduction neutrons is fundamentally different from
the density of unbound neutrons: the former characterizes the
dynamics of the neutron liquid while the latter is a ground-state
property. These two densities are generally not equal because
unbound neutrons can be scattered by the crystal according to
Bragg’s law.

The effects of Bragg scattering are embedded in the
effective mass tensor (15) appearing in the definition (16) of
the conduction neutron density. The components of this tensor
need not be positive and can actually be negative for wave

035801-5
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Observational	constraints

need to connect this argument with a detailed neutron star
model, incorporating realistic crust and core physics, as
well as reasonable superfluid parameters. We build on the
relativistic superfluid formalism developed in Ref. [14],
and use the same model for the bulk equation of state, crust
composition, and neutron singlet pairing gap as in Ref. [15]
(see Refs. [16–21] for the original references for the ingre-
dients of the model). For comparison, we also consider
the model from Ref. [22], which provides an alternative
crust composition. The mass-radius relation is similar in
both cases, and satisfies observational constraints from
accreting systems [23]. However, the pressure at the
crust-core transition is very different in the two cases.
In the model from Ref. [15] the number density and
pressure at the transition are nt ¼ 0:084 fm"3 and pt ¼
0:56 MeV fm"3, respectively, while the model from
Ref. [22] has nt ¼ 0:076 fm"3 and pt ¼ 0:33 MeV fm"3.
Essentially, the two models span the expected range for
pt (see Refs. [7,24]).

The effective neutron mass in the crust is estimated
using the phenomenological fit to the entrainment from
Ref. [25]. We consider two models, based on Refs. [9,10],
respectively. The main difference is that the effective mass
peaks at lower densities in the latter case. This serves to
weaken the effect we are discussing slightly.

Defining the moment of inertia through J ¼ I!, we get
the total moment of inertia from Ref. [8]

I #
!
1" 2I

R3

"
I0; (14)

where R is the radius of the star, and

I0 ¼
8!

3

Z R

0
r4eð""#Þ=2ðp þ $Þdr; (15)

where p and $ are the pressure and the energy density,
respectively, and " and # determine the spacetime metric.
In the case of the superfluid crust neutrons we ignore
the effect of the rotational frame dragging (this should
be, at most, a 20% correction). Making contact with the
phenomenological model discussed previously, we have
(see Ref. [14] for details)

In #
8!

3

Z R

Rc

r4eð""#Þ=2nn%ndr; (16)

where nn is the number density of the free neutrons and%n

is the corresponding chemical potential, and

"n ¼
1

In

8!

3

Z R

Rc

r4eð""#Þ=2nnðmn "m'
nÞdr: (17)

In these integrals we only account for the crust superfluid
(Rc represents the crust-core interface), but it is obviously
straightforward to introduce a core component as long
as we keep in mind that the entrainment is rather different
in the core. In the inner crust we can safely assume that
the free neutrons are nonrelativistic, which means that
%n # mn. It is then straightforward to work out the effect

of the entrainment [in terms of "n, or the averaged ratio
hm'

ni=mn via Eq. (10)] and check to what extent a given
neutron star model satisfies the constraints set by the
observations. We calculate the ratio In=I and find that, as
long as we do not worry about the entrainment the con-
straints set by the observed systems are easily satisfied; the
angular momentum reservoir exceeds the requirements
(see Fig. 3). This is, of course, the result of Link et al.
[7]. Turning to the entrainment effect, we find that the
results from Ref. [10] lead to hm'

ni=mn in the range
4:3–4:4 (the results from Ref. [9] lead to values in the
range 6:2–6:4). At this point the standard glitch logic is
in trouble. The results in Fig. 3 show that the crust is not
enough; the associated superfluid does not have sufficient
moment of inertia to explain the observations.
Discussion.—Our analysis casts doubt on the standard

model of pulsar glitches being driven by a superfluid
reservoir confined to the inner crust of the star. If the
entrainment lowers the effective superfluid moment of
inertia by a factor as large as ( 4–6 then the theory is in
clear conflict with the data for pulsars with regular large
glitches.
There are (at least) four possible solutions. First of all,

the results in Fig. 3 indicate that the pressure at the crust-
core transition must be high. If we impose the radius
constraints from Ref. [23], then only low-mass neutron
stars can exhibit regular, large glitches. If this is the case,
then there could be a connection between their relatively
slow cooling and the underlying glitch mechanism.
The second possibility is, perhaps, the least attractive. The

neutron star core is expected to contain superfluid neutrons
in abundance. In the case of the singlet pairing gap we have
considered (see Ref. [15]), the total moment of inertia
fraction would be at least a factor of 2 (up to an order of
magnitude for massive stars) larger than required (and one
should probably add the triplet pairing region to this). This is
where a new problem arises. The remarkable regularity of
the glitches in systems like Vela and J0537-6910 suggests a,
more or less, completely recycled reservoir of pinned
superfluid—the very reason why the previous moment of
inertia constraints [7] were taken as evidence in favor of
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M/Mo
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I n/I
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FIG. 3 (color online). The moment of inertia ratio In=I0 as a
function of the stellar mass for the models from Ref. [15] (APR)
and Ref. [22] (SLy). If the glitches in the Vela pulsar are to be
explained by the crust superfluid alone, then the moment of
inertia ratio must satisfy In=I0 * 0:016) ðhm'

ni=mnÞ # 0:07
(gray region, with entrainment according to Ref. [10]; we also
show the constraint when entrainment is not accounted for, as
in Ref. [7].)
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need to connect this argument with a detailed neutron star
model, incorporating realistic crust and core physics, as
well as reasonable superfluid parameters. We build on the
relativistic superfluid formalism developed in Ref. [14],
and use the same model for the bulk equation of state, crust
composition, and neutron singlet pairing gap as in Ref. [15]
(see Refs. [16–21] for the original references for the ingre-
dients of the model). For comparison, we also consider
the model from Ref. [22], which provides an alternative
crust composition. The mass-radius relation is similar in
both cases, and satisfies observational constraints from
accreting systems [23]. However, the pressure at the
crust-core transition is very different in the two cases.
In the model from Ref. [15] the number density and
pressure at the transition are nt ¼ 0:084 fm"3 and pt ¼
0:56 MeV fm"3, respectively, while the model from
Ref. [22] has nt ¼ 0:076 fm"3 and pt ¼ 0:33 MeV fm"3.
Essentially, the two models span the expected range for
pt (see Refs. [7,24]).

The effective neutron mass in the crust is estimated
using the phenomenological fit to the entrainment from
Ref. [25]. We consider two models, based on Refs. [9,10],
respectively. The main difference is that the effective mass
peaks at lower densities in the latter case. This serves to
weaken the effect we are discussing slightly.

Defining the moment of inertia through J ¼ I!, we get
the total moment of inertia from Ref. [8]

I #
!
1" 2I

R3

"
I0; (14)

where R is the radius of the star, and

I0 ¼
8!

3

Z R

0
r4eð""#Þ=2ðp þ $Þdr; (15)

where p and $ are the pressure and the energy density,
respectively, and " and # determine the spacetime metric.
In the case of the superfluid crust neutrons we ignore
the effect of the rotational frame dragging (this should
be, at most, a 20% correction). Making contact with the
phenomenological model discussed previously, we have
(see Ref. [14] for details)

In #
8!

3

Z R

Rc

r4eð""#Þ=2nn%ndr; (16)

where nn is the number density of the free neutrons and%n

is the corresponding chemical potential, and

"n ¼
1

In

8!

3

Z R

Rc

r4eð""#Þ=2nnðmn "m'
nÞdr: (17)

In these integrals we only account for the crust superfluid
(Rc represents the crust-core interface), but it is obviously
straightforward to introduce a core component as long
as we keep in mind that the entrainment is rather different
in the core. In the inner crust we can safely assume that
the free neutrons are nonrelativistic, which means that
%n # mn. It is then straightforward to work out the effect

of the entrainment [in terms of "n, or the averaged ratio
hm'

ni=mn via Eq. (10)] and check to what extent a given
neutron star model satisfies the constraints set by the
observations. We calculate the ratio In=I and find that, as
long as we do not worry about the entrainment the con-
straints set by the observed systems are easily satisfied; the
angular momentum reservoir exceeds the requirements
(see Fig. 3). This is, of course, the result of Link et al.
[7]. Turning to the entrainment effect, we find that the
results from Ref. [10] lead to hm'

ni=mn in the range
4:3–4:4 (the results from Ref. [9] lead to values in the
range 6:2–6:4). At this point the standard glitch logic is
in trouble. The results in Fig. 3 show that the crust is not
enough; the associated superfluid does not have sufficient
moment of inertia to explain the observations.
Discussion.—Our analysis casts doubt on the standard

model of pulsar glitches being driven by a superfluid
reservoir confined to the inner crust of the star. If the
entrainment lowers the effective superfluid moment of
inertia by a factor as large as ( 4–6 then the theory is in
clear conflict with the data for pulsars with regular large
glitches.
There are (at least) four possible solutions. First of all,

the results in Fig. 3 indicate that the pressure at the crust-
core transition must be high. If we impose the radius
constraints from Ref. [23], then only low-mass neutron
stars can exhibit regular, large glitches. If this is the case,
then there could be a connection between their relatively
slow cooling and the underlying glitch mechanism.
The second possibility is, perhaps, the least attractive. The

neutron star core is expected to contain superfluid neutrons
in abundance. In the case of the singlet pairing gap we have
considered (see Ref. [15]), the total moment of inertia
fraction would be at least a factor of 2 (up to an order of
magnitude for massive stars) larger than required (and one
should probably add the triplet pairing region to this). This is
where a new problem arises. The remarkable regularity of
the glitches in systems like Vela and J0537-6910 suggests a,
more or less, completely recycled reservoir of pinned
superfluid—the very reason why the previous moment of
inertia constraints [7] were taken as evidence in favor of
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M/Mo
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Vela constraint; <mn>/mn=4.3
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*

*

FIG. 3 (color online). The moment of inertia ratio In=I0 as a
function of the stellar mass for the models from Ref. [15] (APR)
and Ref. [22] (SLy). If the glitches in the Vela pulsar are to be
explained by the crust superfluid alone, then the moment of
inertia ratio must satisfy In=I0 * 0:016) ðhm'

ni=mnÞ # 0:07
(gray region, with entrainment according to Ref. [10]; we also
show the constraint when entrainment is not accounted for, as
in Ref. [7].)
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Crust	does	not	have	enough	neutrons	to	
explain	the	glitches	in	the	Vela	pulsar.
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Emergence	of	cluster/pasta	phase

(a) (b) (c)

(d) (e) ( f )

(g) (h-1) (h-2)

t=0 fm/c t=49410 fm/c t=57080 fm/c
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Top view
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L=41.86 fm L=41.86 fm

line of sight

Fig. 13: Snapshots of the transition process from the bcc lattice of spherical nuclei to the pasta phase with

rod-like nuclei obtained by the QMD simulation. The red particles show protons and the green ones neutrons.

The vertexes of the dashed lines in panels (a) and (d) show the equilibrium positions of nuclei in the bcc lattice

and their positions in the direction of the line of sight are indicated by the size of the circles: vertexes with

a large circle, with a small circle, and those without a circle are in the first, second, and third lattice plane,

respectively. The solid lines in panel (d) represent the direction of the two elongated nuclei: they take zigzag

configuration.

we resort to the quantum molecular dynamics (QMD), and demonstrate that a lattice of rod-like

nuclei is formed from a bcc lattice by compression (see Fig. 13). Our result establishes that the pasta

phases can be formed in collapsing supernova cores.

In our QMD simulations, we have found that some pair of the nearest neighbor nuclei start to get

closer and connect before they deform due to the fission instability [see Fig. 13(c)]. This spontaneous

breaking of the bcc structure is due to an attraction between nuclei caused by the overlap of the tails

of nucleon distribution of neighboring nuclei. It is remarkable that, in the transition process, the

system takes a zigzag configuration of elongated nuclei, which are formed by a fusion of original two

spherical nuclei [see Fig. 13(d)]. This is very different from a generally accepted conjecture so far

in which all the nuclei elongate in the same direction along the global axis of the resulting rod-like

nuclei and they join up to form straight rod-like nuclei.

• What kind of phases appear?
• Dynamical clustering, crust heating
• Finite-temperature effect
• Effect of neutron sea and superfluidity

Watanabe et al., PRL (2009) Scamps et al., Nature (2018)



Nuclear reaction and collective motion

• Nuclear decay
– Spontaneous fission
– Alpha decay

• Low-energy nuclear reaction
– Sub-barrier fusion reaction

• Quantum tunneling and fluctuation



Time-dependent	density	functional	
theory	(TDDFT)	for	nuclei

• Time-odd	densities	(current	density,	spin	
density,	etc.)

• TD	Kohn-Sham-Bogoliubov-de-Gennes eq.
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Decoupled submanifold

• Collective canonical variables ([, -)
– ]U, TU → [, -; 	[` , -`; 			7 = 2,⋯ ,b9c

• Finding a decoupled submanifold Σ

[̇` =
fg

f9
h
i
≈ 0

-̇` = −
fg

fj
h
i
≈ 0

Klein, Do Dang, Walet, Phys. Rep. 335, 93 (2000) 
Nakatsukasa, Prog. Theor. Exp. Phys. 2012, 01A207 (2012)

on the submanifold Σ

ξα

π
α

qi

pi

(qa,pa)  a = K+1,...,M
Decoupled collective sub-manifold (i = 1,...,K)

Non-collective d.o.f.

TDDFT phase space (α = 1,..., M)

Σh
jkl9klm



Numerical procedure

][,U =
n[

n]U

fo

fpq
−

fo

fj

fj

fpq
= 0 Moving mean-field eq.

rst ut
fo

fpq
fj

fpv
= w1

fj

fpq
Moving RPA eq.

Move to the next point
]U + x]U = ]U + ,],j

U

Moving MF eq. to 
determine the point: ]U

],j
U =

n]U

n[

Tangent vectors (Generators)



3D real space representation

X [ fm ]

y 
[ f

m
 ]

• 3D space discretized in lattice
• BKN functional: yz{|[&, ~] (rather schematic)
• Moving mean-field eq.: Imaginary-time method
• Moving RPA eq.d Finite amplitude method (PRC 

76, 024318 (2007) )
At a moment, no pairing

1-dimensional reaction path 
extracted from the Hilbert space of 
dimension of 104 ~105.



• Reaction path
• After touching

– No bound state, but
– a resonance state in 8Be

Simple case: α + α scattering

α particlea4Heb α particlea4Heb



8Be: Tangent vectors (generators)
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FIG. 1. (Color online) Calculated translational mass of the ↵
particle in units of nucleon’s mass m, as functions of adoptd

mesh size h.

with various mesh sizes h = 0.5 ⇠ 1.4 fm. Note that
the ground state of the system is a trivial solution of the
ASCC equation (6). We can clearly identify the three
translational modes for x, y, and z directions, degener-
ated in energy at !com  1 MeV. Using smaller mesh
size, the eigenfrequency of the translational motion ap-
proaches to zero. There are no low-lying excited states in
the ↵ particle because of its compact and doubly-closed
characters. The calculated energy of the lowest excited
state is larger than 20 MeV.

Using Eqs. (19) and (22) with R as the center of mass,
we calculate the inertial mass of the translational motion
of the ↵ particle. Figure 1 shows the results calculated
with di↵erent mesh size h of the 3D grid. Since this is
the trivial center-of-mass motion of the total system, this
should equal the total mass,M = Am with A = 4. As the
mesh size decreases, the total mass certainly converges to
the value of 4m. In the follwoing, we adopt the mesh size
h = 0.8 fm.

2. Relative motion of two ↵ particles in
8
Be

Figure 2 shows the calculated eigenfrequencies for the
ground state of 8Be and the two well separated ↵’s at
distance R = 7.2 fm. Since the ground state of 8Be
is deformed, there appear the rotational modes of exci-
tation as the zero modes, in addition to the three in-
dependent modes of the translational motion. Because
of the axial symmetry of the ground state, the rota-
tion about the symmetry axis (z axis) does not ap-
pear. In Fig. 2 the calculation produces two rotational
modes of excitation around 2.8 MeV with large transi-
tion matrix element of the K = 1 quadrupole operator,
Q̂2±1 ⌘

R
r2Y2±1(r̂) ̂†(~r) ̂(~r)d~r. The finite energy of

these rotational modes comes from the finite mesh size
discretizing the space. Besides these five zero modes,
the lowest mode of excitation turns out to have a sizable
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FIG. 2. (Color online) Calculated eigenfrequencies for the

ground state of
8
Be (left column) and the two well-separated

↵’s at distance R = 7.2 fm (right column). The three modes

of translational motion and two modes of rotational motion

are shown by thin lines, while the thick line indicates the

K = 0 quadrupole oscillation.
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FIG. 3. (Color online) The density distribution ⇢(~r) for
8
Be

in the upper panels, and the transition density �⇢(~r) of the

lowest mode of excitation in the lower panels. The left panels

show those at the ground state and the right at R = 7.2 fm.

Those on the y � z plane are plotted.

transition strength of the K = 0 quadrupole operator
Q̂20 ⌘

R
r2Y20(r̂) ̂†(~r) ̂(~r)d~r. This mode corresponds

to the elongation of 8Be. The transition density is given
by

�⇢(~r) ⌘ h!| ̂(~r) ̂†(~r)|0i = h0|
h
⌦,  ̂(~r) ̂†(~r)

i
|0i

=

r
2

!

X

i

Pi(~r)'i(~r). (41)

The left panels of Fig. 3 show the density profile of 8Be
and the transition density �⇢(r) corresponding to the low-
est RPA normal mode. We can see an elongated struc-
ture along the z direction in the ground state. The lowest
mode of excitation corresponds to the change of its elon-
gation (�-vibration).
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α + α scattering (phase shift)
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FIG. 6. (Color online) Inertial mass in units of the nucleon’s

mass m for the collective path of ↵ + ↵ $8
Be, as a function

of the relative distance R.

-150

-100

-50

 0

 50

 100

 150

 200

 250

 300

 0  5  10  15  20  25  30  35

δ
 [

d
eg

]

E [MeV]

L = 0

L = 2

L = 4
L = 6

FIG. 7. (Color online) Nuclear phase shift for the scattering

between two ↵ particles, as a function of incident energy E.

The solid lines indicate the results obtained with the ASCC

inertial massM(R), while the dashed lines are calculated with

the constant reduced mass 2m.

we demonstrate the calculation of nuclear phase shift. We
should take this result in a qualitative sense, because of
a schematic nature of the BKN interaction.

Using the collective potential V (R) and the inertial
mass M(R) obtained in the ASCC calculation, the nu-
clear phase shift for the angular momentum L at incident
energy E is calculated in the WKB approximation as [41]

�L(E) =

Z 1

R0

k(R)dR�

Z 1

Rc

kc(R)dR, (42)

with

k2(R) = 2M(R)

(
E � V (R)�

�
L+ 1

2

�2

4mR2

)
,

k2c (R) = 4m

(
E �

4e2

R
�

�
L+ 1

2

�2

4mR2

)
, (43)

where k(R) and kc(R) are the wave numbers in the
radial motion with and without the nuclear potential.

R0 and Rc are the outer turning points for the po-
tentials V (R) and 4e2/R, respectively, i.e. k(R0) =
kc(Rc) = 0. The centrifugal potential is approximated
as (L + 1/2)2/(2µR2) with the reduced mass µ = 2m
and the semiclassical approximation for L(L+ 1).
Figure 7 shows the calculated nuclear phase shifts for

the scattering between two ↵’s. The dashed line is calcu-
lated with the same potential V (R) but with the constant
reduced mass, M(R) ! µ = 2m. We can see the promi-
nent increase of the nuclear phase shift caused by the
coordinate-dependent ASCC inertial mass M(R). We
should remark that the energy of the resonance in 8Be is
not reproduced with the BKN interaction. In fact, the
present calculation leads to the stable ground state for
8Be; E8Be < 2E↵. Thus, we should regard this result
as a quatlitative one. Nevertheless, the basic features of
phase shifts for the ↵�↵ scattering are reproduced. This
demonstrates the usefulness of the requantization using
the ASCC calculation.

C. Comparison with other approaches

We compare the present ASCC results with those ob-
tained with other approaches: (i) CHF + cranking in-
ertia, (ii) CHF + local RPA, and (iii) ATDHF. We
adopt the same model space as the ASCC calculations
for these calculations. For the constraint operators of
CHF calculation in (i) and (ii), we adopt the K = 0
mass quadrupole operator Q̂20 and the relative distance
R̂.

1. CHF + cranking inertia

Since 8Be is the simplest system and has a promi-
nent ↵ + ↵ structure even at the ground state, the
collective path can be approximated by more conven-
tional CHF calculations with a constraint operator as
either Q̂20 or R̂. The potential is defined as VCHF(R) =
h CHF(R)|Ĥ| CHF(R)i. For the inertial mass, the In-
glis’s cranking formula is widely used. There are two
kinds of cranking formulae: The original formula is de-
rived by the adiabatic perturbation, which is given for
the 1D collective motion as

MNP

cr
(R) = 2

X

m,i

|h'm(R)|@/@R|'i(R)i|2

em(R)� ei(R)
, (44)

where the single-particle states and energies are defined
with respect to hCHF(R) = hHF[⇢]� �(R)Ô as

hCHF(R)|'µ(R)i = eµ(R))|'µ(R)i, µ = i,m. (45)

Note that, depending on choice of the constraint oper-
ator, Ô = (Q̂20, R̂), we obtain slightly di↵erent |'i(R)i
even at the same R.
Another formula, which is more frequently used in

many applications and also called the cranking inertial

Effect	of	dynamical	change	of	the	inertial	mass
Dashed	line:			Constant	reduced	mass	(	Ç I → 23)

Wen, T.N., PRC 94, 054618 (2016).



16O+16O → 32S: Reaction path

Starting from two 16O configuration

Wen, T.N., PRC 96, 014610 (2017).
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16O+16O → 32S: Collective mass
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FIG. 11. The astrophysical S factor for the subbarrier fusion of
16O + α (upper panel) and 16O + 16O (lower panel) as a function of
incident energy Ec.m.. The solid line indicates the results obtained
with the ASCC inertial mass M(R), the dashed lines are calculated
with the constant reduced mass µred.

barrier. The S factor may reveal in a more transparent way the
influence of the nuclear structure and dynamics.

Figure 11 shows the calculated S factor for the scattering
of 16O + α and 16O + 16O, respectively. For 16O + 16O, the
values of the S factor are plotted on a log scale. The dashed
line is calculated with the same potential V (R) but with the
reduced mass, replacing M(R) by the constant value of µred
in Eq. (30). The effect of the inertial mass is significant in the
deep subbarrier-energy region, especially for the reaction of
16O + 16O at Ec.m. < 4 MeV. Because of a schematic nature of
the BKN density functional, we should regard this result as a
qualitative one. Nevertheless, it suggests the significant effect
of the inertial mass and roughly reproduces basic features
of experimental S factor for the 16O-16O scattering. This
demonstrates the usefulness of the requantization approach
using the ASCC collective Hamiltonian.

IV. SUMMARY

Based on the ASCC method we developed a numerical
method to determine the collective path for the large-amplitude
nuclear collective motion. We applied this method to the
nuclear fusion reactions; 16O + α → 20Ne and 16O + 16O →
32S. In the grid representation of the 3D coordinate space, the
reaction paths, collective potentials, and the inertial masses are
calculated.

The ASCC collective path smoothly connects the initial
state of 16O + α to the ground state of the fused nucleus 20Ne.
It is found the self-consistent collective path is different from
that of the conventional CHF calculation with the quadrupole
or octupole moment as the constraint. For the reaction of 16O +
16O → 32S, we succeed to obtain the 1D reaction path between
16O + 16O and a superdeformed state in 32S. The calculated
inertial mass asymptotically coincides with the reduced mass;
however, it shows a peculiar increase near equilibrium states,
such as the ground state of 20Ne and the superdeformed state
of 32S.

In the present work, we continue to choose the generators
of the same symmetry type to construct the collective path. In
principle we may lift this restriction. For instance, inside the
superdeformed state of 32S, the Kπ = 0+ quadrupole mode is
no longer favored in energy, which may suggest the necessity
to change the generator Q̂ of quadrupole type to octupole type.
The importance of the octupole shape in this region was also
suggested in Ref. [31]. The bifurcation of the collective path
is possible in the ASCC and will be a future issue.

From the ASCC results, it is straightforward to construct
and quantize the collective Hamiltonian to study the collective
dynamics microscopically. The calculated fusion cross section
suggests that the behavior of the inertial mass may have a
significant impact on the fusion probability at deep subbarrier
energies.

Between the superdeformed and triaxial ground states in
32S, we cannot find a 1D collective path to connect them.
Since we made an approximation neglecting the curvature
terms, the mixture of the rotational NG modes takes place in
the triaxial states. The multidimensional collective subspace
may be necessary, which is beyond the scope of the present
work. In the present study, the schematic EDF of the BKN is
adopted. To make more quantitative discussion and apply the
method to heavier nuclei, it is necessary to use realistic EDFs
and include the pairing correlation. These are our future tasks.
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Fusion reactiond16O + 16O
Effect	of	dynamical	change	of	the	inertial	mass	hinders	
the	fusion	cross	section	by	2	orders	of	magnitude.
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FIG. 1. Comparison of the logarithmic derivative and S-factor
representations of the fusion cross section for the systems, 58Ni + 58Ni
[14] and 64Ni + 64Ni [12]. The dashed curves correspond to a constant
S-factor, whereas the solid curves display results of coupled-channels
calculations. The L(E) data were obtained from a fit to the cross
sections at three consecutive beam energies.

the limit of E = 0. If L(E) does not grow faster than Lcs(E)
with decreasing energy, it may not cross Lcs(E) for any positive
value of E. It is, therefore, of interest to study the systematics of
the sub-barrier fusion hindrance over a wide range of systems,
including some with positive Q-value, as is the case mainly in
fusion between lighter nuclei.

The expected dependence on the Q-value of the system
appears to be borne out by data. The systematics of the
logarithmic derivative L(E) of fusion excitation functions is
illustrated in Fig. 2 for a number of systems ranging from 10B +
10B to 90Zr + 92Zr. The logarithmic derivatives are represented
by open circles for five-point derivatives, whereas the open
squares were obtained by a fit to three consecutive data points.
We observe that L(E) for all systems increases with decreasing
energy. The dashed curves represent the logarithmic slopes
corresponding to a constant S-factor [(Eq. (1)]. In an earlier
study of fusion between “stiff” nuclei [11], which did not
include systems lighter than 16O + 144Sm, we found that
the S-factor maximum systematically occurred at a value of
Ls = 2.33 MeV−1 corresponding to

Eref
s = 0.356(Z1Z2

√
µ)

2
3 (MeV). (2)

Studying the full range of systems, we observe that the
crossing point, Es , for lighter systems, which have increasingly
positive Q-values, indeed occurs at larger values of L(E). For
the lightest systems, the logarithmic derivatives of the data
intersect the constant S-factor curve at a small angle and it
is, therefore, difficult to accurately estimate Es . Consequently,
we have used fits to the data with the expression a + b/E3/2

(solid curves), aand bbeing adjustable parameters, to obtain
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FIG. 2. Logarithmic derivative representations for a range of
systems. The dashed curves correspond to a constant S-factor,
whereas the dashed-dotted curves display results of coupled-channels
calculations, and the solid curves represent a fit to the data using the
function a + b/E3/2. The range of Es values are indicated by vertical
line segments for heavy systems. For the four lightest systems only
lower limits of Ls can be derived (shown as arrows). The data are
taken from Refs. 10B + 10B [15], 11B + 12C , 12C + 13C, 12C +
16O, 16O + 16O [16], 48Ca + 48Ca [17], 60Ni + 89Y [10], and 90Zr +
92Zr [18].

a less subjective estimate of Es . The results are given in
Table I. Relatively large error bars are, however, assigned to
the resulting Es values and, for the lightest systems, only
upper limits are given, because of the inaccuracy of this
procedure. We also observe that the value of the logarithmic
slope, L(E), obtained by coupled-channels calculations for
heavy systems (dashed-dotted curves in Fig. 2) saturates at
a value of ∼1.5–2.0 MeV−1, much lower than measured.
It has been shown that coupled-channels calculations using
reasonable ion-ion potentials are unable to reproduce the
extreme sub-barrier behavior [11].

III. SYSTEMATICS

The systematics of sub-barrier hindrance is illustrated in
Fig. 3. Here, the derived values of Es and Ls = L(Es) are
plotted as a function of the parameter Z1Z2

√
µ in panels

(a) and (b), respectively. Aside from local deviations of Ls

from the value of 2.33 MeV−1 in medium-heavy systems (of
the order of ∼10%, arising from nuclear structure effects) Ls

clearly starts deviating from this value in lighter systems. The
corresponding Es values also fall below the Eref

s systematics
(solid curve) given in Eq. (2). A purely empirical expression

Lemp
s = 2.33 + 400/(Z1Z2

√
µ) (MeV−1) (3)
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Summary
(Addressed questions)

• Quantum clusters and reaction
– What kind of clusters? What kind of reaction path?
– How to incorporate quantum effect (fluctuations)?
– Velocity-dependent and spin-orbit effect?
– Excess neutrons effect on reaction dynamics?
– Effect of superfluidity?

• Inhomogeneous nuclear matter
– Neutrons’ mobility and pulsar glitch crisis?
– Effect of superfluidity?


