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Quark clusters in heavy hadrons  
—— What, Where and How ——

保坂　淳　Atsushi Hosaka 
RCNP/Osaka & JAEA/Tokai & RIKEN

新学術クラスター階層研究会 hosted by TITech via Zoom

1. Introduction 
2. Unsolved and new problems 
  2.1 Roper and analogues: Light diquarks in heavy baryons 
  2.2 Pc: Hadronic clusters for molecules 
  2.3 Doubly heavy: Heavy diquarks in tetra and hexaquarks 
3. Summary
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1. Introduction

Most of hadrons are resonances 
~ decay by the strong force

and more

and more

rpp2019-qtab-baryonsrpp2019-qtab-mesons
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What we should do for (exotic) hadrons

We know QCD, but we can not answer the questions: 
Do they exist? 
If they do, which ones? 
What is their internal structure? 
How best to look for them?  
Marek Karliner, QNP proceedings, 2018@Tsukuba 
https://journals.jps.jp/doi/book/10.7566/QNP2018

Studying heavy exotic hadrons is somewhat similar to investigating the 
social life of heavy quarks: 
(a) Who with whom?  
(b) For how long?  
(c) A short episode? or  
(d) “Till Death Us Do Part”? 

https://journals.jps.jp/doi/book/10.7566/QNP2018
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2. Unsolved and new problems

A. Roper and analogues: Light diquarks in 
heavy baryons 

B. Pc: Hadronic clusters for molecules 
C. Doubly heavy: Heavy diquarks in tetra and 

hexaquarks

Open clusters (colored subsystem ) in hadrons

λ

ρ

uud
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A.  Roper and analogues: Light diquarks in heavy baryons

First excited state of 1/2+VoI,UME 12, NUMBER 12 PHYSICAL REVIEW LETTERS 2$ MARCH 1964

In the course of an energy-dependent pion-nu-
cleon phase-shift analysis, ' an unexpected be-
havior of the P» phase shift has been observed.
It w'as previously reported'~' that the P» phase
shift is small and negative at low energies, and
becomes very large (=80') at 700-MeV pion
laboratory kinetic energy when a parametriza-
tion is used that restricts the phases to lie be-
tween -90' and +90'. Another parametrization
which allows the phases to go through 90' has
since been used, and, indeed, the P» phase does
go through 90' at 550 MeV. The former param-
etrization is

160I
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' ~ Dis. Dssl~ -l„2l+1 ~ n5=k ak,l nn=0
where l~ is the maximum value of the orbital
angular momentum l used in the analysis and 0
is the c.m. pion momentum.
Layson and Feld' reported a possible P» reso-

nance at =900 MeV. The original plans for the
present investigation called for searching for
this P» resonance around 900 MeV. The fact
that it appears at a much lower energy came as
a surprise, but is consonant with the less ex-
tensive analysis of Bareyre et al. 4
The best solution obtained is shown in Fig. 1.

This solution represents a fit to 1170 pieces of
data between 0 and 700 MeV, including much
recent data made available by private communica-
tion. All the phases were parametrized accord-
ing to Eq. (1), except P» and D„Layson's'.
relativistic Breit-signer resonance form, with
a small background in the D» case, was used for
these two states. The elastic reduced width was
not allowed to vary from the value given by Lay-
son. It is not believed that this constraint could
have caused the observed P» resonance behavior,
because the P» state began showing this behavior
in the 0- to 350-MeV analysis where the L)» reso-
nance is not important. The analysis will soon
be modified to allow the elastic reduced width to
vary.
Attempts to fit the P» phase with the Layson

form fail because the P» phase is negative below
150 MeV. One can achieve a slightly better fit
to the data by using for the P» state a resonance
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FIG. 1. Pion-nucleon phase shifts and absorption
parameters for /~ =3 as functions of energy from 0 to
700 MeV. All data available to the author at the time
of writing were used in obtaining this solution.

form that has a zero, ' instead of Eq. (1); namely,
q -q

tan((= - (a,k'+aP~+asks+a~k'),

where the zero q0z =1.73, the resonance position
q'0v 3'242, a, =0.335, a, = -0.229, as =0.0544,
and a, = -0.00449. (Here qs is the total pion c.m.
energy, and energies and momenta are in units
of the pion mass. )
The total pion-nucleon c.m. energy and pion-

laboratory kinetic energy are, respectively,
1485 MeV and 556 MeV for the P» resonance,
1559 Me V and 676 MeV for the D,3 resonance,
and 1234 MeV and 193 MeV for the P» resonance.

δ = 90o

VOLUME 12, NUMBER 12 PHYSICAL RKVIE%' LETTERS 23 MARCH 1964

system. " In this case the relevant parameters
known at present are E~+ = 1.2 BeV, Ig+ = 0. 35
BeV, the G-parity is odd, and the isotopic spin
T = 1 or 2. Alternatively, there may be some
structure to the A+ enhancement and our observa-
tions could arise from two unresolved peaks.
Furthermore, the enhancement effects considered
by Nauenberg and Pais, ' which would not corre-
spond to a unique isotopic spin and angular mo-
mentum state, could play a role in accounting for
the lower half of the obser&ed A.+ enhancement,
i. e. , in the region near 1 BeV.
%e wish to thank the many members of the staff

of the Brookhaven National Laboratory for their
great helpfulness in making this experiment pos-
sible. In particular, we would like to express our
appreciation to Dr. Hildred Blewett, Dr. Hugh
Brown, Dr. Ralph Shutt, and the AGS operating
crew. We also wish to thank Dr. Nicola Cabibbo,
Dr. Geoffrey Chew, and Dr. Charles Zemach, for
a number of helpful discussions, as well as Miss
Ling-Lie Chau, Mr. Allan Hirata, Dr. Thomas
O'Halloran, and Mr. Victor Seeger, who have
participated in various aspects of this work.
Finally, this work would not have been possible
without the active help and interest of the Law-
rence Radiation Laboratory scanning, measuring,
and computing personnel.

)Work done under the auspices of the U. S. Atomic
Energy Commission.
'R. I. Louttit, in Proceedings of the International

Conference on Instrumentation for High-Energy
Physics, Berkeley, California, September 1960 (Inter-
science Publishers, Inc. , New York, 1961), p. 117.
2C. Baltay et al. , Nucl. Instr. 20, 37 (1963).
3In this work we utilized a modification of the geo-

metrical reconstruction {PANG) and kinematical fitting
(KICK) programs of the Alvarez group: J. P. Berge,
F. T. Solmitz, and H. D. Taft, Rev. Sci. Instr. 32,
538 (1961);A. H. Rosenfeld and J. M. Snyder, Rev.

Sci. Instr. 33, 181 (1962).
4Identification was made by X2 criteria for the var-

ious hypotheses and by visual inspection of the ioniza-
tion for each event. This left 6.5' of the events as
ambiguous. These events are not included here.
~This observation was also made by C. Alff et al. ,
Phys. Rev. Letters 9, 322 (1962), and by M. Abolins,
R. L. Lander, %. A. %. Mehlhop, N. Xuong, and
P. M. Yager, Phys. Rev. Letters 11, 381 (1963), who
have investigated the same reaction at lower incident
x+ momenta.
For type 1 the two 71 mesons are labeled ~&+ and

4++
m2+; the m&+ is associated with the N . For types 2
and 3 the subscripts are assigned randomly. In gen-
eral, when we wish to distinguish between the two 7t+

mesons without reference to possible resonance forma-
tion, we use subscripts a and b. "
TG. Goldhaber, W. Chinowsky, S. Goldhaber, %. Lee,

and T. O'Halloran, Phys. Letters 6, 62 (1963).
G. Goldhaber, in Proceedings of the Athens Topi-

cal Conference on Recently Discovered Particles,
Athens, Ohio, 1963 (Ohio University, Athens, Ohio,
1963), p. 80.
SIn the reaction observed here, resonance parameters

for the p meson differ somewhat from the ones quoted
in the literature. We find the central value of the ex-
perimental p peak to lie at E 0

= 770+ 10 MeV with a
P

full width at half-maximum of approximately 130 MeV.
For a compilation of p -resonance parameters together
with references, see M. Roos, Rev. Mod. Phys. 35,
314 (1963).
We have observed f production (60 + 20 events).

This process is clearly present and occurs almost
exclusively with N*+ formation. The f was originally
observed in a three-particle final state: W. Selove,
V. Hagopian, H. Brody, A. Baker, and E. Leboy,
Phys. Rev. Letters 9, 272 (1962).
'In experiments at pion energies ranging from 8 to 16

BeV in a heavy-liquid bubble chamber, peaks in the
37t mass distribution have been reported in a region
similar to that observed here. G. Bellini, E. Fiorini,
A. J. Herz, P. Negri, and S. Ratti, Nuovo Cimento
29, 896 (1963); F. R. Huson and W. B. Fretter, Bull.
Am. Phys. Soc. 8, 325 {1963).
' M. Nauenberg and A. Pais, Phys. Rev. Letters 8,
82 (1962).

EVIDENCE FOR A Ex, PION-NUCLEON RESONANCE AT 556 MeV~

L. David Roper
Lawrence Radiation Laboratory, University of California, Livermore, California

(Received 17 February 1964)

The purpose of this note is to report strong
evidence for the existence of a resonance in the
P» state of the pion-nucleon system. Previous
pion-nucleon resonances were discovered from
observations on the qua, litative behavior of ex-
340

perimental observables. The resonance sug-
gested in this paper, however, is not associated
with conspicuous features in the observables
measured so far and has been inferred from a
more quantitative analysis.

ΔELab ~ 550 MeV → Mass 1.48 GeV
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Standard (naive) quark model

0ℏω
1ℏω
2ℏω

~ 500 MeV

Ground state 
1/2+, 3/2+

1st excited state 
1/2–, 3/2–, 5/2–

2nd excited state 
1/2+, 3/2+, 5/2+, …
Roper resonance

Eground < Enegative parity < Epositive parity
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• From a bare state with mass 1.763 GeV, three
distinct features appear in the P11 partial wave, as
described by Fig. 9. (We will subsequently return to
the interpretation of the bare state.)

• Of the three spectral features that emerge in this
channel, two are associated with the Roper reso-
nance. [This two-pole character of the Roper is
common to many analyses of the scattering data,
including one involving Roper himself (Arndt, Ford,
and Roper, 1985) and more recent analyses of πN
scattering data (Cutkosky and Wang, 1990; Arndt
et al., 2006; Döring et al., 2009).]

• The third pole is located farther from the origin
(position C in Fig. 9) and might plausibly be
associated with the Nð1710Þ1=2þ state listed by
the Particle Data Group (Tanabashi et al., 2018).

[N.B. (i) The same EBAC DCC analysis identified a bare state
with mass 1.800 GeV as the origin of the Nð1535Þ1=2− and a
bare state with mass 1.391 GeV associated with the
Δð1232Þ3=2þ (Julia-Diaz et al., 2007). (ii) Despite the
seemingly large amount of independent data used, the set
is incomplete, e.g., polarized target information is lacking in
some regions. It is conceivable therefore that such bare masses
might shift somewhat with the acquisition of additional data.
This cannot affect the electroproduction form factors, how-
ever, because they are independent of these pieces of the DCC
models.]
The trajectories in Fig. 9 emphasize that the coupling

between channels, required to simultaneously describe all
partial waves, has an extraordinary effect with, e.g., numerous
spectral features in the P11 channel evolving from a single

bare state, expressed as a pole on the real axis, through its
coupling to the πN, ηN, and ππN reaction channels. Hence, no
analysis of one partial wave in isolation can reasonably be
claimed to provide an understanding of such a complex array
of emergent features.

V. RELATIVISTIC QUANTUM FIELD THEORY

A. Lattice-regularized QCD

An introduction to the numerical simulation of lattice-
regularized QCD (lQCD) is provided elsewhere (Gattringer
and Lang, 2010), so here we simply note that this method is a
nonperturbative approach to solving QCD in which the gluon
and quark fields are quantized on a discrete lattice of finite
extent, whose intersections each represent a point in spacetime
(Wilson, 1974).
The lQCD approach has provided a spectrum of light

ground-state hadrons that agree with experiment (Durr et al.,
2008), but numerous hurdles are encountered in attempting to
compute properties of resonance states in this way (Liu, 2017;
Briceno, Dudek, and Young, 2018). In connection with the
Roper, which in reality couples strongly to many final-state
interaction (FSI) channels, as indicated in Fig. 9, these include
the following: the challenges of computing with a realistic
pion mass and developing both a fully representative collec-
tion of interpolating fields and a valid strategy for handling all
contributing final-state interaction channels, which incorpo-
rate the issue of ensuring that the nucleon’s lowest excitations
are properly isolated from all higher excitations; and the
problem of veraciously expressing chiral symmetry and the
pattern by which it is broken in both the fermion action
and the algorithm used in performing the simulation.
Much needs to be learned and implemented before these

problems are overcome, so the current status of lQCD results
for the Roper is unsettled. This is illustrated in Fig. 10, which
provides a snapshot of recent results for the masses of the

FIG. 9. Open circle (black): mass of the bare Roper state
determined in the EBAC DCC analysis of πN scattering
(Julia-Diaz et al., 2007; Kamano et al., 2010; Suzuki et al.,
2010). This bare Roper state, with full spectral weight at mass
1.763 GeV, splits and evolves following the inclusion of meson-
baryon final-state interactions, with the trajectories in this
complex-energy plane depicting the motion of the three, distinct
daughter poles as the magnitude of those interactions is increased
from zero to their full strength. The horizontal dashed lines
(black) mark the branch cuts associated with all thresholds
relevant to the solution of the DCC scattering problem in this
channel. Solid star (green): mass of the dressed-quark core of the
proton’s first radial excitation predicted by a three valence-quark
Faddeev equation (Segovia et al., 2015).

FIG. 10. Illustrative collection of lQCD results for the mass of
the nucleon (lower band) and its lightest positive-parity excitation
as a function of m 2

π , where m π is the pion mass used in the
simulation. The results depicted were obtained with different
lattice formulations and varying methods for identifying the
excited state, as described in the source material (Edwards et al.,
2011; Alexandrou et al., 2015; Liu et al., 2014; Mahbub et al.,
2012; Engel et al., 2013; Liu, 2017).

Volker D. Burkert and Craig D. Roberts: Colloquium: Roper resonance: Toward a …

Rev. Mod. Phys., Vol. 91, No. 1, January–March 2019 011003-8

Suzuki, N., B. Julia-Diaz, H. Kamano, T. S. H. 
Lee, A. Matsuyama, and T. Sato, 2010, Phys. Rev. 
Lett. 104, 042302. 

Large quark core mass      is reduced 
by coupling to meson clouds

Radial excitation with meson cloud
e.g. Burkart-Roberts, RevModPhys.91.011003
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More states systematically
Takayama, Toki, Hosaka 
Prog.Theor.Phys. 101 (1999) 1271-1283

August 24-25, 2009 ����� 7

Constituents are at work

States and their classification ~ [L, S]J

NR quark model with SU(6)
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• Measured from the ground state

• 8MS states are shifted downward by 200 MeV

Positive parity baryons
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• Masses are almost universally ~ 500 MeV 
• Large ππ sequential decays

Λ* Σ, Σ* Λ

π π

Λ* Λ

σ

π
π

>>

JP unknown

Arifi, Nagahiro, Hosaka, Tanida, 
e-Print: 2004.07423[hep-ph], PRD

Kato san’s talk  
this morning
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Possible senario
Transitions between diquark clusters

Λb* Σb, Σb* Λb

π π

The transitions between diquark + spectator heavy quark

Decay pattern is computable in a model independent manner  
in the HQ limit

Excited diquark Bad diquark Good diquark
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Evidence of diquarks (correlation)

Flavor Physics 2019l, November 19-21, 2019, 富田林 /3816

Negative parity

5/2–

1/2–

1/2–

3/2–

1/2–

3/2–

1/2–
5/2–
3/2–

1/2–

3/2–

1/2–
3/2–
5/2–

1/2–
3/2–

3/2–

1/2–

5/2–

ρ-modesΛΣ inversion

200

300

400

500

600

700

N Λ ΣΛc Λb

MeV

Σc

1/2–

5/2–

3/2–

3/2–

1/2–

λ-modes

3/2–

1/2–
3/2–

1/2–

5/2–

1/2–

実線：データ 
点線：クォーク模型の予言

• λ modes decrease systematically, and hence λρ splitting increases as quark mass increases 
• ρ modes are rather stable but fluctuate 
• λρ splitting is seen clearly in Λ; in Σ they mix.   
• ΛΣ inversion is a good confirmation for λρ splitting; ΔE(charm) ~ 300 MeV

δE ~ 8 MeV
δE ~ 30 MeVδE ~ 100 MeV

Flavor singlet 
KN molecule?

Λ(1405)

?

Yoshida et al. Phys.Rev. D92 (2015) no.11, 114029 
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Recent study
Arifi-Nagahiro-Tanida-Hosaka, Three-body decays of  
Λc(2765): arXiv:2003.08202 [hep-ph], to appear in PRD 
Λb(6072): arXiv:2004.07423 [hep-ph], just accepted by PRD TODAY!
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In each layer, the solid red line shown in the back panel is
the projected strength, namely the invariant mass plot.
In all the three plots, we find four resonance bands corre-
sponding to ⌃�

b , ⌃⇤�
b , ⌃⇤+

b and ⌃+
b from the left to right.

The first two are for the first diagram of Fig. 2 showing
the genuine resonance band, while the latter two corre-
spond to the second one that are the so called kinematical
reflection.

Now what we need is the sum of the plots like these
three ones. More precisely, the convolution is performed
over the finite mass range weighted by the Breit-Wigner
function,

P (m2
12, m

2
23) =

1

N

Z
P (m; m2

12, m
2
23) dm

(m � M⇤⇤
b
)2 + �2

⇤⇤
b
/4

, (7)

where the factor N is for normalization and m for the
⇤b⇡⇡ mass. The result is shown in the bottom panel
of Fig. 3 as well as the invariant mass plot on the back
panel. As shown there, in the convoluted plot the peaks
of kinematical reflections in the upper three panels are
smeared out, while the real resonance peaks remain.

Because the experimental data is shown for the sum
of signals of ⇤b⇡+ and ⇤b⇡�, we have shown in Fig. 4
the corresponding one of our calculation (red solid line)
compared with the experimental data. Note that exper-
imental resolution of around 1 MeV is not considered in
the calculation. For theory side, we have also shown the
strengths of ⇤b⇡� and ⇤b⇡+ separately by blue and green
solid lines, respectively. We find that our theory calcula-
tion agrees remarkably well with experimental data not
only in overall shape of the peaks and background. The
relative strengths of the peaks is determined by the ratio
R, while the background shape is reproduced by the con-
voluted kinematical reflection. It is interesting to see that
even such a detailed structure, the relative height of the
two resonance peaks of ⌃b and ⌃⇤

b are well reproduced.
This is achieved by taking the sum of the two charged

FIG. 4. Invariant mass plots of ⇤
0
b⇡

�
(blue), ⇤

0
b⇡

+
(green)

and their sum (red). The data from LHCb is the sum of these

two [2] and compared with the red line.

FIG. 5. The convoluted square Dalitz plot for ⇤
⇤
b(6072) and

its corresponding angular correlation along ⌃
⇤�
b with a mass

cut M⌃⇤�
b

± �⌃⇤�
b

.

states. If only ⇤b⇡� is included, the left peak is slightly
higher than that of the right one as shown in the bot-
tom panel of Fig. 3 and by the green line in Fig. 4. This
analysis so far supports the spin and parity of ⇤⇤

b(6072)
is 1/2+, and their decay is dominated by the two pion
emission of the sequential processes. This is one of the
main conclusions of the present study. If there will be
further high statistics data, it is interesting to compare
the Dalitz plots at each di↵erent energies.

Let us further look at the angular correlation (depen-
dence) along the resonance band. The angle is the one
between the two pions ✓12 in the intermediate resonance
rest frame. To see the correlation better, it is convenient
to make a square plot as a function of m23 and cos ✓12

as shown in the lower plot of Fig. 5. As seen there the
angular correlation along the ⌃b band (near side) is flat
due to its spin 1/2. On the other hand, the angular cor-
relation along the ⌃⇤

b band (far side) has a concave shape
due to its spin 3/2.

In general the angular correlation along the ⌃⇤
b band

decaying from a particle of spin J contains the two terms
weighted by the helicity amplitudes Ah, where h is the
conserved helicity in the decay,

W (✓12) /
��A1/2(⇤

⇤
b ! ⌃⇤

b⇡)
��2 ⇥ (1 + 3 cos2 ✓12)

+
��A3/2(⇤

⇤
b ! ⌃⇤

b⇡)
��2 ⇥ 3 sin2 ✓12. (8)

When the initial ⇤⇤
b has spin 1/2, the helicity amplitude

A3/2 vanishes. Thus, the angular correlation will have
a 1 + 3 cos2 ✓12 dependence (concave shape). In reality,
interference between the resonance of a finite width and
background (kinematical reflection in the present case)
contaminates that angular correlation. Fitting the pro-
jected angular correlation as plotted in the upper panel
of Fig. 3, our prediction for the angular correlation is

W (✓12) / 1 + 3.3 cos2 ✓12. (9)

So far we have focused our discussions on ⇤⇤
b(6072).

As anticipated in the beginning of this paper, there are
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R. Aaij et al. [LHCb Collaboration] 
arXiv:2002.05112 [hep-ex] 

For a fixed initial m
ass

With convoluted masses
• Line shape is well reproduced 
• BUT QM strength is too small 
• The origin of the universal ~ 500 MeV
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Narrow 
One peak at ΣcD  => J = 1/2 
Two peaks at ΣcD* => J = 1/2, 3/2
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Figure 6: Fit to the cos ✓Pc-weighted mJ/ p distribution with three BW amplitudes and a
sixth-order polynomial background. This fit is used to determine the central values of the masses
and widths of the P+

c states. The mass thresholds for the ⌃+
c D

0 and ⌃+
c D

⇤0 final states are
superimposed.

approximately 5MeV and 2MeV below the ⌃+
c D

0 and ⌃+
c D

⇤0 thresholds, respectively, as
illustrated in Fig. 6, making them excellent candidates for bound states of these systems.
The Pc(4440)+ could be the second ⌃cD⇤ state, with about 20MeV of binding energy, since
two states with JP = 1/2� and 3/2� are possible. In fact, several papers on hidden-charm
states created dynamically by charmed meson-baryon interactions [31–33] were published
well before the first observation of the P+

c structures [1] and some of these predictions
for ⌃+

c D
0 and ⌃+

c D
⇤0 states [28–30] are consistent with the observed narrow P+

c states.
Such an interpretation of the Pc(4312)+ state (implies JP = 1/2�) would point to the
importance of ⇢-meson exchange, since a pion cannot be exchanged in this system [10].

In summary, the nine-fold increase in the number of ⇤0
b ! J/ pK� decays recon-

8

ΣcD    Σc*D   ΣcD*   Σc
*D* 

4310   4385   4460   4520

B.  Pc: Hadronic clusters for molecules

Hadronic Molecule?
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Quark model

Closed-pentaquark  +   Fallapart

q 

  

q 
c 

q 
c 

Motivated by the experimental data of pentaquark system at LHCb, 
We calculate this system within the framework of non-relativistic 
constituent quark model. 
 

J/Ψ+p 

 Λc+D 

Δ+ηc 

Λc+D* 
Σc+D 

Σ*+D 
J/Ψ+Δ 

Σc+D* 

Σc*+D* 

Pc(4450) 

Pc(4380) 

To describe the experimental data, 
It is necessary to reproduce the observed 
threshold. 
 
The Hamiltonian is important 
to reproduce the low-lying energy 
spectra of meson and baryon system. 

This is 5-body problem and it requested to calculate 
resonant state. Then, we should develop our method 
For resonant state.  

+

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
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`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

k

b+�HBM; iQ � [m�`F KQ/2H +�H+mH�iBQMX h?2 T`2b2Mi �`iB+H2
Bb /2pQi2/ iQ i?2 ?B//2M@+?�`K T2Mi�[m�`Fb Pc- i`2�i2/
�b � uudcc̄ bvbi2K- rBi? �++QmMi 7Q` �HH TQbbB#H2 QT2M
+?�MM2Hb bm+? �b Λc + D∗- Σc + D- Σ∗

c + D- 2i+X h?Bb
Bb � `�i?2` /2HB+�i2 �M/ H2M;i?v +�H+mH�iBQM- #mi `�i?2`
`2r�`/BM;, KQbi bi�i2b �TT2�` �b #mBH/BM; � K2`2 /Bb@
+`2iBx�iBQM Q7 i?2 +QMiBMmmK- #mi i?2`2 �`2 bQK2 bi`BFBM;
2t+2TiBQMb r?B+? +�M #2 B/2MiB}2/ �b ;2MmBM2 `2bQM�M+2b
BM i?2 KQ/2HX

h?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX AM a2+X AA r2 T`2b2Mi
>�KBHiQMB�M �M/ i?2 K2i?Q/X h?2 `2bmHib �`2 /BbTH�v2/
�M/ /Bb+mbb2/ BM a2+X AAAX 6BM�HHv r2 bmKK�`Bx2 Qm` }M/@
BM;b BM a2+X AoX

AAX >�JAGhPLA�L �L. J1h>P.

h?2 >�KBHiQMB�M- r?B+? +Q``2bTQM/b iQ � bi�M/�`/
MQM@`2H�iBpBbiB+ [m�`F KQ/2H- Bb ;Bp2M #v

H =
∑

i

(mi +
p2
i

2mi
)− TG − 3

16

∑

i<j

λi.λj Vij(rij), UkXRV

r?2`2 mi �M/ pi �`2 i?2 K�bb �M/ KQK2MimK Q7 i?2 ith

[m�`F- λi `2T`2b2Mib i?2 2B;?i +QHQ`@alUjV QT2`�iQ`b 7Q`
i?2 ith [m�`F �M/ TG Bb i?2 FBM2iB+ 2M2`;v Q7 i?2 +2Mi2`@
Q7@K�bb bvbi2KX >2`2- r2 H�#2H i?2 HB;?i [m�`Fb- u �M/
d- #v i = 1 iQ 3- �M/ ?2�pv U+?�`KV [m�`Fb- c #v i = 4
�M/ c̄ #v i = 5X

6Q` i?2 [m�`F@[m�`F BMi2`�+iBQM- r2 mb2 i?2 TQi2MiB�Hb
T`QTQb2/ #v a2K�v �M/ aBHp2bi`2@"`�+ (jd- j3)X h?2 7mM+@
iBQM�H 7Q`K Q7 i?2 TQi2MiB�H BM i?2 r@bT�+2 Bb ;Bp2M #v

Vij(r) = −κ
r
+ λrp − Λ

+
2πκ′

3mimj

exp(−r2/r20)

π3/2 r30
σi.σj , UkXkV

r?2`2 i?2 bK2�`BM; T�`�K2i2` r0 Bb � 7mM+iBQM Q7 i?2
[m�`F K�bb2b- r0(mi,mj) = A( 2mimj

mi+mj
)−B X hrQ b2ib Q7

T�`�K2i2` +?QB+2b- �SR �M/ �GR- �`2 2KTHQv2/ BM i?2
+m``2Mi �M�HvbBb �M/ HBbi2/ BM h�#H2 AX

"Qi? b2ib `2T`Q/m+2 `�i?2` r2HH i?2 K�bb2b Q7 i?2
;`QmM/ bi�i2b Q7 ?2�pv K2bQM �M/ #�`vQM bvbi2KbX AM
h�#H2 AA- i?2 +�H+mH�i2/ bT2+i`� mbBM; �SR �`2 HBbi2/X
h?2 K�bb bT2+i`mK #v �GR Bb �HKQbi B/2MiB+�H iQ i?�i
#v �SRX

h?2 }p2@#Q/v a+?`ƺ/BM;2` 2[m�iBQM

(H − E)ΨJM = 0 UkXjV

+Q``2bTQM/BM; iQ i?2 >�KBHiQMB�M UkXRV Bb bQHp2/ #v mbBM;
i?2 :�mbbB�M 1tT�MbBQM J2i?Q/ U:1JV (jR- jk) r?B+?
r�b bm++2bb7mHHv �TTHB2/ iQ p�`BQmb ivT2b Q7 i?`22@ �M/
7Qm`@#Q/v bvbi2Kb (jjĜj8)X 6Q` � p�`B�Mi- b22- 2X;X- (je)X
q2 /2b+`B#2 i?2 }p2@#Q/v r�p2 7mM+iBQM mbBM; i?2 7Qm`
ivT2b Q7 C�+Q#B +QQ`/BM�i2b b?QrM BM 6B;X RX �KQM;
i?2K- C = 1 �M/ k �`2 i?2 +QM};m`�iBQMb BM r?B+? irQ

+QHQ` bBM;H2i +Hmbi2`b- bm+? �b ηcN - J/ψN - ΛcD- ΣcD-
ΣcD �M/ bQ QM K�v 7�HH �T�`i �HQM; i?2 BMi2`@+Hmbi2` +Q@
Q`/BM�i2- R(c) UC = 1, 2VX L�K2Hv- 7Q` C = 1- i?2 +QHQ`
r�p2 7mM+iBQM Bb +?Qb2M �b i?2 T`Q/m+i Q7 +QHQ`@bBM;H2i qqq
THmb +QHQ`@bBM;H2i cc̄- r?B+? +Q``2bTQM/b iQ ηcN �M/ J/ψN
+QM};m`�iBQMbX 6Q` C = 2- Bi Bb ;Bp2M �b +QHQ`@bBM;H2i qqQ
THmb +QHQ`@bBM;H2i qc̄- r?B+? +Q``2bTQM/b iQ ΛcD- ΣcD-
�M/ ΣcD +QM};m`�iBQMbX AM +QMi`�bi- i?2 Qi?2` irQ +QM@
};m`�iBQMb C = 3 �M/ 9 /Q MQi /2b+`B#2 +QHQ`@bBM;H2i
bm#bvbi2Kb 7�HHBM; �T�`i- �M/ `2T`2b2Mi i?2 }p2 [m�`Fb
�b �Hr�vb +QMM2+i2/ #v � +QM}MBM; BMi2`�+iBQMX AM i?Bb
b2Mb2- r2 +�HH C = 3 �M/ 9 �b i?2 ǳ+QMM2+i2/Ǵ U+QM}MBM;V
+QM};m`�iBQMbX

h?2 7mHH r�p2 7mM+iBQM ΨJM Bb r`Bii2M �b � bmK Q7
+QKTQM2Mib- 2�+? /2b+`B#2/ BM i2`Kb Q7 QM2 Q7 i?2 7Qm`
C�+Q#B +QQ`/BM�i2 bvbi2Kb- M�K2Hv

ΨJM =
∑

C

A123 ξ
(C)
1 η(C)

T

[
χ(C)
S(ss̄σ) ×

[[
[φ(C)

nl (r(C))

ϕ(C)
νλ (ρ(C))]Λψ

(C)
NI (R

(C))
]
I′ ψ̃

(C)
N ′K(s(C))

]

L

]

JPM
UkX9V

r?2`2 C bT2+B}2b i?2 b2i Q7 C�+Q#B +QQ`/BM�i2b �M/ ξ(c)1 -
η(c)t �M/ χ(c)

S(ss̄σ) `2T`2b2Mi i?2 +QHQ`- BbQbTBM �M/ bTBM
r�p2 7mM+iBQMb- `2bT2+iBp2HvX h?2 Q`#Bi�H r�p2 7mM+iBQMb
rBi? �TT`QT`B�i2 Q`#Bi�H �M;mH�` KQK2Mi� �`2 /2b+`B#2/
#v φ(C)- ϕ(C)- ψ(C) �M/ ψ̃(C)X A123 /2MQi2b i?2 �MiB@
bvKK2i`Bx�iBQM QT2`�iQ` 7Q` i?2 HB;?i [m�`Fb UR-k-jVX q2
+QMbB/2` i?2 bi�i2b rBi? i?2 iQi�H BbQbTBM T = 1/2 �M/
i?2 iQi�H bTBM S = 1/2 Q` jfkX AM i?2 T`2b2Mi �M�HvbBb-
r2 i�F2 i?2 iQi�H Q`#Bi�H �M;mH�` KQK2MimK L = 0 QMHvX
h?2M i?2 iQi�H bTBM@T�`Biv Bb 2Bi?2` JP = 1/2− Q` 3/2−X
�++Q`/BM; iQ i?2 G>*# 2tT2`BK2Mi- i?2 Q#b2`p2/ T2M@
i�[m�`F bi�i2b K�v ?�p2 5/2− Q` 3/2+X >Qr2p2`- BM i?2
T`2b2Mi +�H+mH�iBQM- i?2 2M2`;B2b Q7 i?2 bi�i2b rBi? iQ@
i�H �M;mH�` KQK2MimK H�`;2` i?�M jfk Q` rBi? TQbBiBp2
T�`Biv �`2 HQ+�i2/ �i Km+? ?B;?2` K�bb2bX

h?2 +QHQ`@bBM;H2i r�p2 7mM+iBQM- ξ(C)
1 - 7Q` 2�+? C�+Q#B

+QM};m`�iBQM Bb +?Qb2M �b

ξ(1)1 = [(123)1(45)1]1 ,

ξ(2)1 = [(124)1(35)1]1 ,

ξ(3)1 = [(12)3̄(34)3̄]35]1 ,

ξ(4)1 = [(12)3̄[(34)3̄5]3]1 .

UkX8V

h?2 bTBM �M/ BbQbTBM r�p2 7mM+iBQMb �`2 ;Bp2M #v

η(C)
T = [η1/2(i)η1/2(j)]tη1/2(k)]T=1/2, UkXeV

χ(1)
S(ss̄σ)(123, 4, 5) = [[(12)s3]σ(45)s̄]S ,

χ(2)
S(ss̄σ)(123, 4, 5) = [[(12)s4]σ(35)s̄]S ,

χ(3)
S(ss̄σ)(123, 4, 5) = [[(12)s(34)s̄]σ5]S ,

χ(4)
S(ss̄σ)(123, 4, 5) = [(12)s[(34)s̄]5]σ]S .

UkXdV

Hiyama et.al. Phys.Rev.C 98 (2018) 4, 045208 
Qi Meng et al, Phys.Lett.B 798 (2019) 135028

• This cannot hold states near thresholds 
• Allow compact states at some higher than thresholds
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Model calculation

Hadronic molecule of coupled channels with OPEP + 5q core

Yamaguchi et al, Phys.Rev. D96 (2017), 114031;  Phys.Rev.D101 (2020) 9, 091502

B ≡ Σc, Σ*c , Λc

M ≡ D̄, D̄*

has the overlap with the meson-baryon channel but should
be included separately in the system.
Thus, our model Hamiltonian, expanded by the open-

charm MB and 5q channels, is written as

H ¼
!
HMB V

V† H5q

"
ð1Þ

where the MB part HMB contains Ki; the kinetic energy of
each MB channel i and Vπ

ij; the OPEP potential, and H5q

stands for the 5q channels. For simplicity, we consider that
H5q is diagonalized by the 5q channels (denoted by α) of
Table II and its eigenvalue is expressed by Mα. The off-
diagonal part in (1), V, represents the transition between the
MB and 5q channels. In the quark cluster model, such
interactions are modeled by quark exchanges accompanied
by gluon exchanges. In the present paper, we shall make a
simple assumption that ratios of transitions between various
channels i ∼MB and α ∼ 5q are dominated by the spectro-
scopic factors, overlaps hijαi. The absolute strengths are
then assumed to be determined by a single parameter.
Various components of the Hamiltonian are then written as

ðHMB
ij Þ ¼

0

B@
K1 þ Vπ

11 Vπ
12 % % %

Vπ
21 K2 þ Vπ

22 % % %
% % % % % % % % %

1

CA;

ðH5q
αβÞ ¼

0

B@
M1 0 % % %
0 M2 % % %
% % % % % % % % %

1

CA ð2Þ

and

ðViαÞ ¼ ðhijαiÞ ¼

0

B@
V11 V12 % % %
V21 V22 % % %
% % % % % % % % %

1

CA: ð3Þ

Now let us consider the coupled equation for theMB and
5q channels, Hψ ¼ Eψ , where ψ ¼ ðψMB;ψ5qÞ,

HMBψMB þ Vψ5q ¼ EψMB;

V†ψMB þH5qψ5q ¼ Eψ5q:

Solving the second equation for ψ5q, ψ5q ¼
ðE −H5qÞ−1V†ψMB and substituting for the first equation,
we find the equation for ψMB,

!
KMB þ Vπ þ V

1

E −H5q V
†
"
ψMB ¼ EψMB: ð4Þ

The last term on the left-hand side is due to the elimination
of the 5q channels, and is regarded as an effective
interaction for the MB channels. Thus, the total interaction
for the MB channels is defined by

U ¼ Vπ þ V
1

E −H5q V
†: ð5Þ

We then insert the assumed 5q eigenstates into the second
term of (5),

Uij ¼ Vπ
ij þ

X

α

hijVjαi 1

E − E5q
α
hαjV†jji ð6Þ

where E5q
α is the eigenenergy of a 5q channel. In this

equation, we have indicated the meson-baryon channel by
i, j, and 5q channels by α. In this way, the effects of the 5q
channels are included in the form of effective short range
interaction. The corresponding diagram of this equation is
shown in Fig. 1. The computations for the OPEP and the
short range interactions are discussed in the next sections.

B. One pion exchange potential

In this subsection, we derive the one pion exchange
potential (OPEP) between D̄ð&Þ and Yc in the first term of
Eq. (6). Hereafter, we use the notation D̄ð&Þ to stand for a D̄
meson, or a D̄& meson, and Yc to stand for Λc, Σc, or Σ&

c.
The OPEP is obtained by the effective Lagrangians for

heavy mesons (baryons) and the Nambu-Goldstone boson,
satisfying the heavy quark and chiral symmetries. The
Lagrangians for heavy mesons and the Nambu-Goldstone
bosons are given by [50,96–100]

LπHH ¼ gπTr½Hbγμγ5A
μ
baH̄a(: ð7Þ

The trace Tr½% % %( is taken over the gamma matrix. The
heavy meson fields H and H̄ are represented by

Ha ¼
1þ =v
2

½D̄&
aμγμ − D̄aγ5(; ð8Þ

TABLE II. Channels of 5q’s with color octet qqq and cc̄ with
possible total spin J. For notations, see text.

Channel ½q38; 12(0 ½q38; 12(1 ½q38; 32(0 ½q38; 32(1

J 1=2 1=2, 3=2 3=2 1=2, 3=2, 5=2

5q( )
pi pj V V ji

D

Yc

FIG. 1. One pion exchange potential (left) and the effective
interaction due to the coupling to the 5q channel (right). The
meson-baryon channels are generally represented by D̄ and Yc,
respectively, and i is for the initial and j the final channels. A 5q
channel is denoted by α.
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has the overlap with the meson-baryon channel but should
be included separately in the system.
Thus, our model Hamiltonian, expanded by the open-

charm MB and 5q channels, is written as

H ¼
!
HMB V

V† H5q

"
ð1Þ

where the MB part HMB contains Ki; the kinetic energy of
each MB channel i and Vπ

ij; the OPEP potential, and H5q

stands for the 5q channels. For simplicity, we consider that
H5q is diagonalized by the 5q channels (denoted by α) of
Table II and its eigenvalue is expressed by Mα. The off-
diagonal part in (1), V, represents the transition between the
MB and 5q channels. In the quark cluster model, such
interactions are modeled by quark exchanges accompanied
by gluon exchanges. In the present paper, we shall make a
simple assumption that ratios of transitions between various
channels i ∼MB and α ∼ 5q are dominated by the spectro-
scopic factors, overlaps hijαi. The absolute strengths are
then assumed to be determined by a single parameter.
Various components of the Hamiltonian are then written as

ðHMB
ij Þ ¼

0

B@
K1 þ Vπ

11 Vπ
12 % % %

Vπ
21 K2 þ Vπ

22 % % %
% % % % % % % % %

1

CA;

ðH5q
αβÞ ¼

0

B@
M1 0 % % %
0 M2 % % %
% % % % % % % % %

1

CA ð2Þ

and

ðViαÞ ¼ ðhijαiÞ ¼

0

B@
V11 V12 % % %
V21 V22 % % %
% % % % % % % % %

1

CA: ð3Þ

Now let us consider the coupled equation for theMB and
5q channels, Hψ ¼ Eψ , where ψ ¼ ðψMB;ψ5qÞ,

HMBψMB þ Vψ5q ¼ EψMB;

V†ψMB þH5qψ5q ¼ Eψ5q:
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†
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ψMB ¼ EψMB: ð4Þ

The last term on the left-hand side is due to the elimination
of the 5q channels, and is regarded as an effective
interaction for the MB channels. Thus, the total interaction
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We then insert the assumed 5q eigenstates into the second
term of (5),
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i, j, and 5q channels by α. In this way, the effects of the 5q
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Predictions and data

224 inputs, Pcð4440; 4457Þ ∼ ð3=2; 1=2Þ which they call set A
225 and (1=2, 3=2) set B. In the heavy quark limit, there are two
226 parameters in the Hamiltonian and so the above inputs for
227 the two states are enough to fix the two parameters. The
228 other five states are predicted. Interestingly, their set A
229 predicts the other five states similarly to what our model
230 predicts.
231 Therefore, new LHCb results give us an opportunity to
232 study the spin-dependent forces between the Σc and D̄#. It
233 is important to determine which of the above spin 1=2 and
234 3=2 states is more deeply bound. There are two sources for
235 the spin-dependent force in our model. One is the short
236 range interaction by the coupling to the 5-quark-core states.
237 The other is the long range interaction by the OPEP,
238 especially the tensor term.
239 To examine the effects of the tensor interaction of the
240 OPEP, we have investigated the energy of the resonant Pc
241 states of J ¼ 1=2 and 3=2 around the ΣcD̄# threshold, and
242 of J ¼ 1=2, 3=2 and 5=2 around the Σ#

cD̄# threshold
243 without the OPEP tensor term as shown in Fig. 2. In that

244plot, we have used f=f0 ¼ 80. From Fig. 2, we observe the
245following facts. (1) The tensor force provides attraction as
246indicated by the results with T in Fig. 2. This is because it
247contributes to the energy in the second order due to channel
248couplings. (2) The role of the tensor force is further
249prominent in the decay width; the agreement with the
250experimental data is significantly improved. Moreover, the
251decay width increases as the spin value increases. We
252consider it again because of coupled-channel effects due to
253the OPEP tensor force. The dominant components of the
254obtained resonances are the S-wave state of the nearby
255threshold channel. The tensor coupling allows the reso-
256nances to decay into the D-wave channels below the
257resonances. Since there are manyD-wave coupled channels
258in the higher spin states, the decay widths of these states are
259increased. In fact, the number of the D-wave coupled
260channels below the Σ#

cD̄# threshold is 3 for JP ¼ 1=2−,
261while 7 for JP ¼ 3=2−; 5=2−.
262From the observation in Fig. 2, we find that the short
263range interaction is more attractive in the 3=2− state in the
264present model. This contrasts with what is expected for
265the color-spin interaction that provides more attraction for
266the 1=2− state. The reason is in the quark structure of
267hadrons as explained below. In the quark cluster model, the
268hadron interaction is due mainly to the two terms: one is
269the Pauli-blocking effect which is measured by the norm
270(overlap) kernels and the other is the color-spin interaction
271from the one gluon exchange. The former is included in the
272present study, and is usually dominant when the norm of
273the two-hadron state deviates largely from 1 [58,59]. It can
274be less than 1 due to the Pauli blocking (repulsive) but also
275can be more than 1 (attractive) because of the spectroscopic
276factor. For the ΣcD̄# channel, the norm is 23=18 for the
2773=2− state while it is 17=18 for the 1=2− state [45]. Namely,
278this contribution of the spectroscopic factor is strongly
279attractive in the ΣcD̄#3=2− state and slightly repulsive in
280the ΣcD̄#1=2− state.
281To estimate the effect of the color-spin interaction,
282which is not included in the present study, we revisit the
283coupled-channel dynamical calculation where both the

TABLE I. Comparison between the experimental mass spectrum and decay widths with our results. For our results for f=f0 ¼ 80,
the values in parentheses are obtained without the OPEP tensor force, which are also shown in Fig. 2. All values except JP are in units
of MeV.

EXP [1,34] Our Results for f=f0 ¼ 50 Our Results for f=f0 ¼ 80

State Mass Width JP Mass Width JP Mass Width

Pþ
c ð4312Þ 4311.9 & 0.7þ 6.8

−0.6 9.8 & 2.7þ 3.7
−4.5 1=2− 4313 9.6 1=2− 4299 (4307) 9.4 (12)

Pþ
c ð4380Þ 4380 & 8 & 29 205 & 18 & 86 3=2− 4371 5.0 3=2− 4350 (4365) 5.0 (3.6)

Pþ
c ð4440Þ 4440.3 & 1.3þ 4.1

−4.7 20.6 & 4.9þ 8.7
−10.1 3=2− 4440 16 3=2− 4415 (4433) 15 (1.8)

Pþ
c ð4457Þ 4457.3 & 0.6þ 4.1

−1.7 6.4 & 2.0þ 5.7
−1.9 ' ' ' ' ' ' ' ' ' 1=2− 4462 (4462) 3.2 (0.96)

1=2− 4527 0.88 1=2− 4521 (4526) 2.8 (0.18)
3=2− 4524 7.6 3=2− 4511 (4521) 14 (3.4)
5=2− 4497 20 5=2− 4468 (4491) 18 (0.0)

F2:1 FIG. 2. Comparing the results with and without the tensor force
F2:2 of the OPEP for the states around the ΣcD̄# and Σ#

cD̄# thresholds.
F2:3 The label “without T” stands for the result without the OPEP
F2:4 tensor force, while the label “with T” stands that with the OPEP
F2:5 tensor force. The same convention is adopted as in Fig. 1.
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VπðqÞ ¼ −
!
gMA g

B
A

4f2π

"
ðŜ1 · qÞðŜ2 · qÞ

q2 þm2
π

T̂1 · T̂2; ð6Þ

152153 where Ŝ is the spin operator and T̂ is the isospin operator.
154 gBA is the axial vector coupling constant of the correspond-
155 ing baryons.1

156 The coupling of the MB channels, i and j, to the
157 five-quark (5q) channels, α, gives rise to an effective
158 interaction, V5q,

hijV5qjji ¼
X

α

hijVjαi 1

E − E5q
α
hαjV†jji; ð7Þ

159160 where V represents the transitions between the MB and 5q
161 channels and E5q

α is the eigenenergy of a 5qchannel. We
162 further introduced the following assumption:

hijVjαi ¼ fhijαi; ð8Þ

163164 where f is the only free parameter which determines the
165 overall strength of the matrix elements. In order to calculate
166 the hijαi, we construct the meson-baryon and five-quark
167 wave functions explicitly in the standard nonrelativistic
168 quark model with a harmonic oscillator confining potential.
169 The derived potential hijV5qjji turned out to give similar
170 results to those derived from the quark cluster model [7].
171 The energies and widths of the bound and resonant states
172 were obtained by solving the coupled-channel Schrödinger
173 equation with the OPEP, VπðrÞ, and 5qpotential V5qðrÞ,

ðK þ VπðrÞ þ V5qðrÞÞΨðrÞ ¼ EΨðrÞ; ð9Þ

174175 where K is the kinetic energy of the meson-baryon system
176 andΨðrÞ is the wave function of the meson-baryon systems
177 with r being the relative distance between the center of
178 mass of the meson and that of the baryon. The coupled
179 channels included are all possible ones of Σð%Þ

c D̄ð%Þ and
180 ΛcD̄ð%Þ which can form a given JP and isospin I ¼ 1=2.
181 Equation (9) is solved by using variational method. We
182 used the Gaussian basis functions as trial functions [56]. In
183 order to obtain resonance states, we employed the complex
184 scaling method [57].
185 In Fig. 1 and Table I, experimental data [1,34] and our
186 predictions are compared. The centers of the bars in Fig. 1
187 are located at the central values of pentaquark masses while
188 their lengths correspond to the pentaquark widths with the
189 exception of Pcð4380Þ width, which is too large and does
190 not fit into the shown energy region. The boxed numbers
191 are the masses of the recently observed states [34], and the

192corresponding predictions in our model. The dashed lines
193are for threshold values. Our predicted masses and the
194decay widths are shown for the parameters f=f0 ¼ 50 and
195f=f0 ¼ 80. Here, f0 is the strength of the one-pion
196exchange diagonal term for the ΣcD̄% meson-baryon chan-
197nel, f0 ¼ jCπ

ΣcD̄% ðr ¼ 0Þj ∼ 6 MeV (see Ref. [45]). Setting
198the free parameter f=f0 at f=f0 ¼ 50, we observe that both
199masses and widths of Pþ

c ð4312Þ and Pþ
c ð4440Þ are repro-

200duced within the experimental errors. However, the state
201corresponding to Pþ

c ð4457Þ is absent in our results, where
202the attraction is not enough. Increasing the value of f=f0 to
20370, the state with JP ¼ 1=2− appears below the ΣcD̄%

204threshold, and at f=f0 ¼ 80 the mass and width of this state
205are in reasonable agreement with Pþ

c ð4457Þ. However, as
206shown in Fig. 1, the attraction at f=f0 ¼ 80 is stronger than
207that at f=f0 ¼ 50 and hence the masses of the other states
208shift downward.
209We find as expected that the dominant components of
210these states are nearby threshold channels and with the
211quantum numbers as follows: ΣcD̄ with JP ¼ 1=2−

212[Pþ
c ð4312Þ], ΣcD% with JP ¼ 3=2− [Pþ

c ð4440Þ] and with
213JP ¼ 1=2− [Pþ

c ð4457Þ] meson-baryon molecular states.
214Let us compare our results with the ones reported by
215other works. In Ref. [36], the assignments of the quantum
216numbers for Pcð4440Þ and Pcð4457Þ are different from
217ours. Since these two states are located near ΣcD̄% threshold
218and both states have the narrow widths, it is natural to
219consider them to form the J ¼ 1=2 and 3=2 states in
220S-wave. It is emphasized that in our model the spin 3=2
221state (4440) is lighter than the spin 1=2 state (4457). In
222Ref. [37], they studied seven heavy quark multiplets of
223ΣcD̄, ΣcD̄%, Σ%

cD̄, and Σ%
cD̄%, and considered two options of

F1:1FIG. 1. Experimental data (EXP) [1,34] and our results of
F1:2masses and widths for various Pc states. The horizontal dashed
F1:3lines show the thresholds for corresponding channels and values
F1:4in the right axis are isospin averaged ones in units of MeV. The
F1:5centers of the bars are located at the central values of pentaquark
F1:6masses while their lengths correspond to the pentaquark widths
F1:7with the exception of Pcð4380Þ width.

1In our previous publication [20], there were a few errors in the
matrix elements, which are corrected in this paper. After the
corrections, however, important results of our discussions remain
unchanged.
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• For systems of QQ, molecules are well developed (Next discussion) 
• With one parameter f, tendency of masses are reproduced 
• Width are explained by the OPEP tensor force
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C.  Other exotics — Doubly heavy
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Strongly bound charmonia and bottomonia
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Quark-level analogue of nuclear fusion with doubly 
heavy baryons
Marek Karliner1 & Jonathan L. Rosner2

The essence of nuclear fusion is that energy can be released by the 
rearrangement of nucleons between the initial- and final-state 
nuclei. The recent discovery1 of the first doubly charmed baryon 
Ξ++cc , which contains two charm quarks (c) and one up quark (u) and 
has a mass of about 3,621 megaelectronvolts (MeV) (the mass of the 
proton is 938 MeV) also revealed a large binding energy of about 
130 MeV between the two charm quarks. Here we report that this 
strong binding enables a quark-rearrangement, exothermic reaction 
in which two heavy baryons (Λc) undergo fusion to produce the 
doubly charmed baryon Ξ++cc  and a neutron n (Λ Λ Ξ→ ++nc c cc ), 
resulting in an energy release of 12 MeV. This reaction is a quark-
level analogue of the deuterium–tritium nuclear fusion reaction 
(DT → 4He n). The much larger binding energy (approximately  
280 MeV) between two bottom quarks (b) causes the analogous 
reaction with bottom quarks (Λ Λ Ξ→ nb b bb

0 ) to have a much larger 
energy release of about 138 MeV. We suggest some experimental 
setups in which the highly exothermic nature of the fusion of two 
heavy-quark baryons might manifest itself. At present, however, the 
very short lifetimes of the heavy bottom and charm quarks preclude 
any practical applications of such reactions.

The mass of the doubly charmed baryon Ξ++cc  observed in the LHCb 
experiment1 3621.40 ±   0.78 MeV is consistent with several  
predictions2, including that of 3,627 ±   12 MeV (an extensive list of other 
predictions can be found in refs 1 and 2). The essential insight of  
ref. 2 is the large binding energy B of the two heavy quarks  
(the charm c or bottom b quarks) in a baryon, B(cc) =  129 MeV and 
B(bb) =  281 MeV. To a very good approximation, this binding energy 
is half of the quark–antiquark binding energy in their bound states, 
which are known as quarkonia. This ‘half ’ rule is exact in the one-
gluon-exchange limit and has now been validated by the measurement 
of the Ξ++cc  mass. Its successful extension beyond weak coupling 
implies that the heavy quark potential factorizes into a colour- 
dependent and a space-dependent part, with the latter being the same 
for quark–quark and quark–antiquark pairs. The relative factor of 1/2 
then results from the colour algebra, just as in the weak-coupling 
limit.

The large binding energy between heavy quarks has some important 
implications, such as the existence of a stable bbud  tetraquark (where 
u and d  are antiup and antidown quarks, respectively) with spin–parity3 
JP =  1+ 215 MeV below the ⁎−B B 0 threshold and 170 MeV below the 
threshold for decay to γ−B B 0 , where B− is a spinless meson composed 
of bu , ⁎B 0 is a spin-1 meson composed of bd , B 0 is a spinless meson 
composed of bd  and γ  is a photon. Another important consequence is 
the existence of a quark-level analogue of nuclear fusion. Consider the 
quark-rearrangement reaction

Λ Λ Ξ→ ++!!! !n (1)c
cud

c
cud

cc

ccu ddu

where the quarks are indicated below each baryon. This is a fusion of 
two singly heavy baryons into a doubly heavy baryon and a nucleon. 

The masses of all of the particles in reaction (1) are known and the 
energy release ∆ E is 12 MeV, as shown in Table 1.

The exothermic reaction (1) is the quark-level analogue of the well 
known exothermic nuclear fusion reactions between the lightest nuclei, 
which contain two or three nucleons4, with quarks playing the part of 
the nucleons, hadrons playing the part of the nuclei and the doubly 
heavy baryon playing the part of 4He:

→ ∆ = .
→ ∆ = .
→ ∆ = .
→ ∆ = .
→ ∆ = .
→ ∆ = .

n E
n E

p E
n E
p E

p E

DT He , 17 59 MeV
DD He , 3 27 MeV
DD T , 4 04 MeV
TT He 2 , 11 33 MeV
D He He , 18 35 MeV
He He He 2 , 12 86 MeV

(2)

4

3

4

3 4

3 3 4

where D denotes a deuteron, T represents a triton and p stands for 
proton. Reaction (1) involves two hadrons with three quarks each, 
rather than two nuclei with two or three nucleons each, as shown 
schematically in Fig. 1, which also depicts the analogous reactions 
ΛQΛQ′ →  ΞQQ′N, where Q, Q′  ∈  {b, c}. The energy release ∆ E of reac-
tion (1) is of a similar order of magnitude to those of reactions (2).

Table 1 lists the ∆ E values for four reactions ΛQΛQ′ →  ΞQQ′N, where 
Q, Q′  ∈  {s, c, b}. The trend is clear: ∆ E increases monotonically with 
increasing quark mass. The reaction

ΛΛ Ξ→ N (3)

is endothermic with ∆ E =  − 23 MeV. Reaction (1) is exothermic with 
∆ E =  + 12 MeV, whereas the reaction

Λ Λ Ξ→ N (4)b b bb

is expected to be strongly exothermic with ∆ E =  + 138 ±   12 MeV. 
Finally, the reaction

Λ Λ Ξ→ N (5)b c bc

is expected to have ∆ E=  + 50 ±   13 MeV, between the values for the 
cc and bb reactions (1) and (4). The latter two estimates of ∆ E (for 
reactions (4) and (5)) rely on predictions of the Ξbb and Ξbc masses2.

As already mentioned, the dominant effect that determines ∆ E is 
the binding between two heavy quarks. Because these quarks interact 
through an effective two-body potential, their binding is determined 
by their reduced mass, µred =  mQmQ′/(mQ +  mQ′), where mQ and mQ′ 
are the masses of the individual quarks. In Fig. 2, we plot ∆ E versus 
µred(QQ′ ). The effective quark masses are as in ref. 2: ms =  538 MeV, 
mc =  1,710.5 MeV and mb =  5,043.5 MeV. The straight-line fit  
∆ E =  − 44.95 +  0.0726µred (dot-dashed line) describes the data well, 
which shows that, to a good approximation, ∆ E depends linearly on 
the reduced mass.

1School of Physics and Astronomy, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv 69978, Israel. 2Enrico Fermi Institute and Department of Physics, University 
of Chicago, 5640 South Ellis Avenue, Chicago, Illinois 60637, USA.
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In addition to reactions (1), (4) and (5), reactions involving fusion 
of two heavy mesons into a stable3 doubly heavy tetraquark T bbud( ) 
are also possible:

⁎ → ∆ =−B B T bbud E( ), 215 MeV (6 )0

and

γ→ ∆ =−B B T bbud E( ) , 170 MeV (7)0

Reaction (6) is analogous to the fusion of a proton and a neutron into 
a deuteron, with ∆ E =  2.2 MeV. Reaction (7) has a lower value of ∆ E 
than reaction (6), and it requires photon emission through electro-
magnetic interaction on top of quantum chromodynamics, in order 
to conserve angular momentum and parity, because T bbud( ) has 
JP =  1+ (ref. 3).

Table 1 predicts a strong violation of the would-be heavy-quark 
analogue of the Gell-Mann–Okubo mass formula5,6 when the strange 
quark s is replaced by the heavy c or b quarks:

Ξ Λ Σ+ = +N
2

3
4

(8 )

For a strange quark s, the left-hand side (l.h.s.) is equal to 1,128.6 MeV 
and the right-hand side (r.h.s.) to 1,135.1 MeV; that is, equation (8) is 
accurate to about 0.6%. For the charm quark c, l.h.s. =  2,280 MeV and 
r.h.s. =  2,328 MeV, and for the bottom quark b, l.h.s. =  5,551 ±  6 MeV 
and r.h.s. =  5,668 MeV.

This violation might be considered unsurprising, given that the 
Gell-Mann–Okubo mass formula was derived assuming a small break-
ing of the flavour SU(3) symmetry and that there is no corresponding 
flavour symmetry when the s quark is replaced by c or b. But there is 
more to it. At the quark level, equation (8) results from equal numbers 
of light and s quarks on both sides of the equation, as well as from the 
corresponding spin-dependent colour–hyperfine interaction terms. In 
this case, the mass formula in equation (8) should approximately hold 
also for c and b quarks. The reason that it fails is that the additional 
large binding energy between the two heavy quarks is not included 
in the derivation.

When considering only the strong interaction, all of the ΛQ and ΞQQ′ 
baryons are stable particles. They do decay eventually, via weak inter-
actions, but their lifetimes are at least ten orders of magnitude longer 
than the typical timescale of 10− 23 s of the fusion reactions (1), (4) and 
(5), which proceed purely through strong interactions. Similar consid-
erations apply to reaction (6).

The implications of the strong binding of two heavy quarks in ΞQQ′ 
go beyond the fusion-like reactions ΛQΛQ →  ΞQQN, Q ∈  {b, c}. There 
might also be interesting ramifications for cc and bb analogues of hyper-
nuclei (for a comprehensive review, see ref. 7). As the atomic number of 
a hypernucleus grows, the process ΛN →  NN overtakes mesonic decay, 

leading to shorter lifetimes in comparison with free-baryon estimates; 
the same is expected for heavy-quark analogues.

The production of the doubly strange hypernuclei, Ξ − C16  and ΛΛC16  in 
double-charge exchange 16O(K− , K+) reactions is examined in ref. 8, 
where Ξ − C16  denotes a hypernucleus with atomic number Z =  6 with 
Ξ−  in the place of one of the original nucleons. The experimental status 
of ΛΛ and Ξ−  (ref. 9) hypernuclei is reviewed in ref. 7.

We conjecture that, in principle, an analogous reaction with b instead 
of s quarks might be possible; that is

Ξ
− + −B BO( , ) C16 16

bb

or

→ Ξ
− + −B BO C (9)16 16

bb

The difference between the binding energy of 16O (7.98 MeV) and that 
of ordinary 16C (6.92 MeV, ref. 10) is only about 1 MeV. On the other 
hand, the binding energy of bb in Ξbb is about 280 MeV, so reaction (9) 
is expected to have a large value of ∆ E.

Experimentally, this reaction is extremely difficult because the life-
time τ of B−  is only τ(B− ) =  1.6 ×   10− 12 s, four orders of magnitude 
shorter than τ(K− ) =  1.2 ×   10− 8 s. To put it in perspective, the distance 
covered by B−  is dB =  γ(B− ) ×   τ(B− ) ×   c =  γ(B− ) ×   480 µm, where 
γ(B− ) is the Lorentz factor. In the LHCb experiment at the CERN Large 
Hadron Collider, B mesons are produced with rapidities y between 2 
and 4.5, corresponding to Lorentz factors γ =  cosh(y) between 3.76 
and 45 and energies E =  mBγ that are predominantly at the lower end 
of the range 20–240 GeV (refs 11–14). Thus, they will travel 1.8–22 mm 
before decaying. Therefore, constructing a beam of B−  mesons presents 
a substantial experimental challenge.

In heavy-ion collisions15,16, b quarks (and c quarks) can undergo 
secondary interactions with nuclear fragments. Indications of such 
processes could include modifications of the production of charmo-
nium (cc), bottomonium (bb) and single-heavy-flavour states in nuclear 
environments, as well as contributions to the production of baryons 

Table 1 | Energy release ∆E of the reactions ΛQΛQ′ → ΞQQ′N, where 
Q, Q′ ∈ {s, c, b}

Observable 
(MeV) Q, Q′  =  s Q, Q′  =  c Q, Q′  =  b Q =  b, Q′  =  c

M(ΛQ) 1,115.7 2,286.5 5,619.6 5,619.6, 2,286.5
M(ΞQQ′) 1,314.9* 3,621.4 ±  0.78 10,162 ±  12† 6,917 ±  13‡
∆ E −  23.1 + 12.0 ±  0.78 + 138 ±  12 + 50 ±  13

*To optimize ∆ E, we take here Ξ 0(ssu) and N =  n, because M[Ξ − (ssd)] is 7 MeV larger than M[Ξ 0(ssu)]. 
The errors reflect the theoretical uncertainty in predictions of the doubly heavy baryon masses in ref 2.  
†Ξ bb mass prediction from ref. 2.  
‡Average of the two values shown in table XI of ref. 2.
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Figure 1  | Schematic depiction of quark-level exothermic fusion 
reactions ΛQΛQ′ → ΞQQ′N, where Q, Q′ ∈ {b, c}. The reactions proceed 
via a virtual six-quark cluster. The energy release (yellow arrow) is 
tabulated in Table 1 and plotted in Fig. 2 against the reduced masses of the 
doubly heavy diquarks, µred(QQ′ ).
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Figure 2  | The energy release ∆E in the quark-level fusion reactions 
ΛQΛQ′ → ΞQQ′N, where Q, Q′ ∈ {s, c, b}, plotted against the reduced 
masses of the doubly heavy diquarks, µred(QQ′). The dot-dashed line 
denotes the linear fit: ∆ E =  −  44.95 +  0.0726µred. The error bars denote 
the uncertainty of the theoretical predictions.
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In addition to reactions (1), (4) and (5), reactions involving fusion 
of two heavy mesons into a stable3 doubly heavy tetraquark T bbud( ) 
are also possible:

⁎ → ∆ =−B B T bbud E( ), 215 MeV (6 )0

and

γ→ ∆ =−B B T bbud E( ) , 170 MeV (7)0

Reaction (6) is analogous to the fusion of a proton and a neutron into 
a deuteron, with ∆ E =  2.2 MeV. Reaction (7) has a lower value of ∆ E 
than reaction (6), and it requires photon emission through electro-
magnetic interaction on top of quantum chromodynamics, in order 
to conserve angular momentum and parity, because T bbud( ) has 
JP =  1+ (ref. 3).

Table 1 predicts a strong violation of the would-be heavy-quark 
analogue of the Gell-Mann–Okubo mass formula5,6 when the strange 
quark s is replaced by the heavy c or b quarks:
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3
4
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and the right-hand side (r.h.s.) to 1,135.1 MeV; that is, equation (8) is 
accurate to about 0.6%. For the charm quark c, l.h.s. =  2,280 MeV and 
r.h.s. =  2,328 MeV, and for the bottom quark b, l.h.s. =  5,551 ±  6 MeV 
and r.h.s. =  5,668 MeV.

This violation might be considered unsurprising, given that the 
Gell-Mann–Okubo mass formula was derived assuming a small break-
ing of the flavour SU(3) symmetry and that there is no corresponding 
flavour symmetry when the s quark is replaced by c or b. But there is 
more to it. At the quark level, equation (8) results from equal numbers 
of light and s quarks on both sides of the equation, as well as from the 
corresponding spin-dependent colour–hyperfine interaction terms. In 
this case, the mass formula in equation (8) should approximately hold 
also for c and b quarks. The reason that it fails is that the additional 
large binding energy between the two heavy quarks is not included 
in the derivation.

When considering only the strong interaction, all of the ΛQ and ΞQQ′ 
baryons are stable particles. They do decay eventually, via weak inter-
actions, but their lifetimes are at least ten orders of magnitude longer 
than the typical timescale of 10− 23 s of the fusion reactions (1), (4) and 
(5), which proceed purely through strong interactions. Similar consid-
erations apply to reaction (6).

The implications of the strong binding of two heavy quarks in ΞQQ′ 
go beyond the fusion-like reactions ΛQΛQ →  ΞQQN, Q ∈  {b, c}. There 
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the same is expected for heavy-quark analogues.
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double-charge exchange 16O(K− , K+) reactions is examined in ref. 8, 
where Ξ − C16  denotes a hypernucleus with atomic number Z =  6 with 
Ξ−  in the place of one of the original nucleons. The experimental status 
of ΛΛ and Ξ−  (ref. 9) hypernuclei is reviewed in ref. 7.

We conjecture that, in principle, an analogous reaction with b instead 
of s quarks might be possible; that is
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− + −B BO( , ) C16 16
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or

→ Ξ
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The difference between the binding energy of 16O (7.98 MeV) and that 
of ordinary 16C (6.92 MeV, ref. 10) is only about 1 MeV. On the other 
hand, the binding energy of bb in Ξbb is about 280 MeV, so reaction (9) 
is expected to have a large value of ∆ E.

Experimentally, this reaction is extremely difficult because the life-
time τ of B−  is only τ(B− ) =  1.6 ×   10− 12 s, four orders of magnitude 
shorter than τ(K− ) =  1.2 ×   10− 8 s. To put it in perspective, the distance 
covered by B−  is dB =  γ(B− ) ×   τ(B− ) ×   c =  γ(B− ) ×   480 µm, where 
γ(B− ) is the Lorentz factor. In the LHCb experiment at the CERN Large 
Hadron Collider, B mesons are produced with rapidities y between 2 
and 4.5, corresponding to Lorentz factors γ =  cosh(y) between 3.76 
and 45 and energies E =  mBγ that are predominantly at the lower end 
of the range 20–240 GeV (refs 11–14). Thus, they will travel 1.8–22 mm 
before decaying. Therefore, constructing a beam of B−  mesons presents 
a substantial experimental challenge.

In heavy-ion collisions15,16, b quarks (and c quarks) can undergo 
secondary interactions with nuclear fragments. Indications of such 
processes could include modifications of the production of charmo-
nium (cc), bottomonium (bb) and single-heavy-flavour states in nuclear 
environments, as well as contributions to the production of baryons 

Table 1 | Energy release ∆E of the reactions ΛQΛQ′ → ΞQQ′N, where 
Q, Q′ ∈ {s, c, b}

Observable 
(MeV) Q, Q′  =  s Q, Q′  =  c Q, Q′  =  b Q =  b, Q′  =  c

M(ΛQ) 1,115.7 2,286.5 5,619.6 5,619.6, 2,286.5
M(ΞQQ′) 1,314.9* 3,621.4 ±  0.78 10,162 ±  12† 6,917 ±  13‡
∆ E −  23.1 + 12.0 ±  0.78 + 138 ±  12 + 50 ±  13

*To optimize ∆ E, we take here Ξ 0(ssu) and N =  n, because M[Ξ − (ssd)] is 7 MeV larger than M[Ξ 0(ssu)]. 
The errors reflect the theoretical uncertainty in predictions of the doubly heavy baryon masses in ref 2.  
†Ξ bb mass prediction from ref. 2.  
‡Average of the two values shown in table XI of ref. 2.
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Figure 1  | Schematic depiction of quark-level exothermic fusion 
reactions ΛQΛQ′ → ΞQQ′N, where Q, Q′ ∈ {b, c}. The reactions proceed 
via a virtual six-quark cluster. The energy release (yellow arrow) is 
tabulated in Table 1 and plotted in Fig. 2 against the reduced masses of the 
doubly heavy diquarks, µred(QQ′ ).
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Figure 2  | The energy release ∆E in the quark-level fusion reactions 
ΛQΛQ′ → ΞQQ′N, where Q, Q′ ∈ {s, c, b}, plotted against the reduced 
masses of the doubly heavy diquarks, µred(QQ′). The dot-dashed line 
denotes the linear fit: ∆ E =  −  44.95 +  0.0726µred. The error bars denote 
the uncertainty of the theoretical predictions.
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Summary
• Roper resonances:  
   Flavor blind ~ Another evidence of light diquark clusters. 
     Two pion decays explained by baryon sequential process 
     Conventional quark model, too high mass, too small width 

• Pc:  
   Likely to be molecules of hadronic clusters.     
      OPEP alone does not seem provide enough attraction => other attractive source 
      The origin of force is to be understood => Lattice simulations and models 

• Doubly heavy stable states:   
   QQ Heavy diquarks strongly attractive => stable exotics 
      Systematic theory calculation is on-going (Meng, Hiyama, Oka, …)
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