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Observed hadrons
Introduction : What are “exotic hadrons”?

Particle Data Group (PDG) 2020 editionJP
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All ~ 370 hadrons emerge from single QCD Lagrangian

New states in 2 years

209 mesons162 baryons



5

Color confinement
Introduction : What are “exotic hadrons”?

QCD Lagrangian : color  symmetrySU(3)

ℒQCD = −
1
4

Ga
μνG

μν
a + q̄α(iγμDαβ

μ − mqδαβ)qβ

- Quarks  : color qα 3

- Antiquarks  : color q̄α 3̄

- Gluons  : color Aa
μ 8

Experimental fact, but not understood from QCD

Color confinement: only color singlet states are observed

- Mesons  : qq̄ 3 ⊗ 3̄ = 1 ⊕ 8

- Baryons  : qqq 3 ⊗ 3 ⊗ 3 = 1 ⊕ 8 ⊕ 8 ⊕ 10

- Why are the  states forbidden?3, 8, 10, . . .
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Exotic hadrons (naive)
Introduction : What are “exotic hadrons”?

Problem : quark model is not QCD!

- Exotic hadrons : hadrons 
  other than qq̄, qqq

- How can we identify them?

PTEP 2016, 062C01 A. Hosaka et al.

Fig. 1. Charmonium spectrum (black solid bars) with some X , Y , Z states (red solid bars) in comparison with
the results of a conventional quark model for cc̄ states (blue dashed bars) [15].

The situation has changed radically due to the high statistics e+e− collision data accumulated by
B-factory experiments [9]. Originally their data were collected to perform a comprehensive study of
the C P violation in B meson decays. At the same time, the high statistics data with abundant charm
and bottom productions brought an ideal playground for the study of heavy hadron spectroscopy. In
particular, the states called “X , Y , Z” are thought to be candidates for exotic hadrons, and have been
attracting a lot of attention to reveal unvisited areas of QCD.

Such activities were initiated around 2003, which is the year when the first observation of X (3872)

was reported [10]. Interestingly, an observation of another candidate for an exotic state, the pen-
taquark !+ baryon, was also reported in the same period, which together with X (3872) triggered
diverse activities in both theoretical and experimental studies [11,12]. In this review, we describe the
“X , Y , Z” states as best established states discovered by Belle as well as other relevant experiments
and discuss their theoretical interpretations.

Historically, exotic states, in fact multiquark states, had already been pointed out by Gell-Mann in
his original paper of the quark model in 1964 [1]. Before the discovery of the charm (heavy) quark,
the situation for the light quark sector of u, d, s quarks was somewhat complicated, due to their light
masses which are comparable to the QCD scale of several hundred MeV. On the contrary, the masses
of c and b quarks are large, approximately 1.5 GeV/c2 and 5 GeV/c2, respectively. Because of their
large masses well-separated from the QCD scale, their description based on heavy constituent quark
wave functions is well established. The success of the quark model with a static potential for heavy
quarkonium systems may be explained by non-relativistic QCD (NRQCD) [13] or potential non-
relativistic QCD (pNRQCD) [14]. In pNRQCD, the hierarchy of m " mv " mv2 for small velocity
v justifies the use of a potential for non-relativistically slowly moving heavy quarks.

In Fig. 1, a charmonium spectrum is shown with some X , Y , Z particles. The experimentally
observed spectrum is shown by solid bars, and is compared with the predictions of the conventional
c̄c quark model [15]; naive assignment is also shown. Below the open charm threshold of DD̄,
DD̄∗, and D∗ D̄∗ the agreement between experiment and theory is remarkable, as anticipated by
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A. Hosaka et al., PTEP 2016, 062C01 (2016)

Standard criterion
- Constituent quark model
- Exotics : states which do
  not fit in the quark model Charmonium spectrum

Any other color singlet configurations?
- qqq̄q̄, qqqqq̄, qq̄g, gg, …
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Spatial symmetries in QCD
Exotic hadrons from symmetries 1

Introduction : What are “exotic hadrons”?

- Parity  : Z2 r → − r

- Rotation  : SO(3) r → Rr

—> Hadrons are classified by spin-parity JP

Internal symmetries in QCD
- Phase  : U(1)V q → eiθq, q̄ → e−iθq̄

- Note :  is conservednq − nq̄

—> One cannot distinguish  from  by qq̄ qqq̄q̄ B

—> Hadrons are classified by baryon number B

 state : meson,   state : baryonB = 0 B = 1

Definition by conserved quantum number
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Flavor symmetry
Exotic hadrons from symmetries 2

Introduction : What are “exotic hadrons”?

—> Hadrons are classified by isospin I

- Isospin  :SU(2) (u
d) → U (u

d)

—>  meson (charge ) cannot be  : exotic! I ≥ 2 |Q | ≥ 2 qq̄

Extension to SU(3) : exoticness
T. Hyodo, D. Jido, A. Hosaka, PRL97, 192002 (2006); PRD75, 034002 (2007)

 of mesons made from only  quarks ( )I u, d q, q̄ : I = 1/2

-        : qq̄ I = 0, 1

-     : qqq̄q̄ I = 0, 1, 2

-  : qqqq̄q̄q̄ I = 0, 1, 2, 3

No annihilation of qq̄

Definition by conserved quantum number

u u
d̄

d̄
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Exotic hadrons from symmetries 3
Introduction : What are “exotic hadrons”?

Exotic hadrons defined by conserved quantum numbers
Mesons B = 0 Baryons B = 1

Quantum number exotics (require more than )q̄q, qqq

- JP = 0−, I = 1
- JP = 1−, I = 1
- JP = 0−, I = 1/2, S = ± 1
- …

- JP = 1/2+, I = 1/2
- JP = 3/2+, I = 3/2
- JP = 1/2−, I = 0, S = − 1
- …

- JP = 0−, I = 2 - JP = 1/2+, I = 0, S = + 1
- …- …
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Exotic hadrons in experiments 1
Introduction : What are “exotic hadrons”?

Possible candidates of quantum number exotics

the calculated direction had a large uncertainty in this
case. Finally, we rejected 108 events for which the hit
position in the SSD agreed with the expected hit position
within 45 mm in the vertical or horizontal direction. The
cut points correspond to about !2! resolution for events
that are affected by the Fermi motion. A total of 109
events satisfied all the selection criteria.We call this set of
events the ‘‘signal sample.’’

In case of reactions on nucleons in nuclei, the Fermi
motion has to be taken into account to obtain appropriate
missing-mass spectra. To evaluate this effect, we studied
the "n ! K"!# ! K"##n sequential process as an ex-
ample, where the K" and ## were detected. The missing
masses, MM"K" and MM"K"## , were obtained for the
N$"; K"%X and N$"; K"##%N channels by assuming that
the nucleon in 12C is at rest with the mass equal to MN .
Both the missing masses are smeared out due to the Fermi
motion of nucleons in 12C. However, since the nucleons in
the two channels are identical, the two missing masses
have a strong correlation as shown in Fig. 2(a).
Accordingly, the missing mass corrected for the Fermi
motion, MMc

"K" , is deduced as

MMc
"K" & MM"K" #MM"K"## "MN: (1)

The correction in Eq. (1) compensates spreads not only
due to the Fermi motion but also due to the experimental
resolutions and the binding energy of the nucleon in the
initial state, although the Fermi motion effect is the major
contribution here. Note that this correction is not a good
approximation for events with MM"K"## far from the
nucleon rest mass. The missing-mass distributions before
and after the correction are compared in Fig. 2(b). Only
after the correction, the " (from "p ! K"" !
K"##p) and the !# peaks are separated. The correction
is good in case of a decay with a small Q value, where the
velocity of the hyperon is nearly the same as that of the
decaying nucleon. This is seen in the small width of the "

in the missing-mass spectrum in Fig. 2(b), where about
half of the contributions are due to reactions on protons in
12C. On the other hand, the large width of the mass
spectrum for the !# is due to the imperfection of the
correction caused by a large Q value. The spectrum with a
measured width (!) of 18 MeV=c2 is well reproduced by
a Monte Carlo simulation using the impulse approxima-
tion for the reaction from a neutron whose momentum
distribution is generated according to a harmonic oscil-
lator potential. The Monte Carlo simulation shows that
the width is dominated by incomplete cancellation of the
Fermi motion effect. Contributions of the binding energy
in 12C to the peak position and the width in the corrected
spectrum are likely smaller than 10 MeV=c2.

The missing-mass MMc
"K! for K"K# events is cor-

rected for the Fermi motion in the similar procedure.
The corrected missing mass is given by

MMc
"K! & MM"K! #MM"K"K# "MN: (2)

In Fig. 3(a), the corrected K" missing-mass distribu-
tion for the 109 events that satisfy all the selection
conditions is compared with that for the 108 events
for which a coincident proton hit was detected in the
SSD. In the latter case, a clear peak due to the "" p !
K""$1520% ! K"K#p reaction is observed. The
"$1520% peak does not exist in the case that the proton-
rejection cut in the SSD is applied as shown in the signal
sample. This indicates that the signal sample is domi-
nated by events produced by reactions on neutrons.

Figure 3(b) shows the corrected K# missing-mass dis-
tribution of the signal sample. A prominent peak at
1:54 GeV=c2 is found. It contains 36 events in the peak
region 1:51 ' MMc

"K# < 1:57 GeV=c2. The broad back-
ground centered at (1:6 GeV=c2 is most likely due to
nonresonant K"K# production because the events in the
bump do not show any noticeable structure in the K"

missing-mass nor in the invariant K"K# mass spectra
and the beam-energy dependence of the production rate
reflects the phase space expansion with the energy. To
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FIG. 2. (a) A scatter plot of MM"K" vs MM"K"## for K"##

photoproductions at the SC. (b) The missing mass, MMc
"K" ,

spectra for the K"## events from the SC (solid histogram)
and for Monte Carlo events for the "n ! K"!# channel
(dotted curve) calculated via Eq. (1). The dashed histogram
shows the missing mass spectrum without the Fermi-motion
correction, MM"K" the projection of the events in (a) on to the
vertical axis.
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FIG. 3. (a) The MMc
"K" spectrum [Eq. (2)] for K"K# pro-

ductions for the signal sample (solid histogram) and for events
from the SC with a proton hit in the SSD (dashed histogram).
(b) The MMc

"K# spectrum for the signal sample (solid histo-
gram) and for events from the LH2 (dotted histogram) nor-
malized by a fit in the region above 1:59 GeV=c2.
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- Excluded by higher statistics experiments

A. Aktas et al. (H1), PLB 588, 17 (2004)1:864! 0:005 GeV=c2. Compared to the !""
3=2 , a smaller

rate is expected for the !0
3=2 due to the additional cuts and

the competing !0!0 decay channel. Extrapolating from
the yield ratio of about 0.5 between !# and !" [20], one
also expects a weaker signal for the !##

3=2 and !0
3=2.

Since the two summed particle plus antiparticle mass
spectra have their peaks at positions which are closer
than the mass resolution of the detector, they can be added
to determine a combined significance. The sum of the
four mass distributions is displayed in Fig. 3(a). The
signal is now S $ 69 events over a background of B $
75, increasing the significance from the simple estimate
S=

!!!!!!!!!!!!!

S# B
p

to 5:8". Figure 3(b) shows the combinatorial
background subtracted distribution. A Gaussian fit to the
peak yields a mass value of 1:862! 0:002 GeV=c2 and a
FWHM $ 0:017 GeV=c2 with an error of 0:003 GeV=c2,
largely due to the uncertainty in the background subtrac-
tion. The systematic error on the absolute mass scale
determined from a fit to the !%1530&' (not shown) is
below 0:001 GeV=c2.

The detector response to the !""
3=2 resonance with a

mass of 1:86 GeV=c2 was estimated from simulation. The
!""

3=2 was generated with zero mass width, a flat rapidity,
and a thermal transverse momentum distribution with an
inverse slope parameter of 160 MeV. These events were
tracked through the detector using GEANT 3.21 followed
by a full simulation of the NA49 apparatus response. They
were then reconstructed with the same software as used
for real events. The resulting mass distribution had a
FWHM ( 0:018 GeV=c2, consistent with the observed
width of the !""

3=2 resonance peak. The same detector
simulation chain was also applied to " and ! production.
The curves in Fig. 1 demonstrate good agreement with the
measured line shapes and thus confirm the reliability of
the simulation.

The robustness of the !""
3=2 peak was investigated by

varying the dE=dx cut used for particle selection, by
changing the width of accepted regions around the nomi-
nal !" and " masses, by investigating different event
topologies (e.g., the number of ! mesons per event), by
selecting tracks with different number of clusters, as well
as by using different bx and by cuts. Further, the influence
of resonances (including the possibility of particle mis-
identification) which could affect the observed peak was
checked by excluding them from the data. In all cases the
peak at 1:86 GeV=c2 proved to be robust. Events gener-
ated by the VENUS model [21] were used to verify that
the peak is not an artifact of the reconstruction. Finally, a
detailed visual inspection of computer displays of the
events with !""

3=2 candidates did not reveal any obvious
problem in their quality.

In summary, this analysis provides the first evidence
for the existence of a narrow baryon resonance in the
!"!" invariant mass spectrum with a mass of 1:862!
0:002 GeV=c2 and a width below the detector resolution
of about 0:018 GeV=c2. The significance is estimated to
be above 4:2". This state is a candidate for the exotic
!""

3=2 baryon with S $ "2, I $ 3
2 , and a quark content of

(dsds #uu). Further, in the !"!# invariant mass spectrum
at the same mass an indication is observed of the !0

3=2
member of this isospin quartet with a quark content of
(dsus #dd). Also, the corresponding antiparticle spectra
show enhancements at the same invariant mass. Sum-
ming the four mass distributions increases the signifi-
cance of the peak to 5:8".

The evidence for an exotic !"!" resonance together
with the indication of a !"!# resonance at the same
mass represents an important step towards experimental
confirmation of the predicted baryon antidecouplet of
pentaquark states. Definitive identification and exclusion
of alternative interpretations require the determination of
spin, parity, and isospin of the observed states.

This work was supported by the U.S. Department of
Energy Grant No. DE-FG03-97ER41020/A000, the
Bundesministerium für Bildung und Forschung,
Germany, the Polish State Committee for Scientific
Research (2 P03B 130 23, SPB/CERN/P-03/Dz 446/
2002–2004, 2 P03B 02418, 2 P03B 04123), the
Hungarian Scientific Research Foundation (T032648,
T032293, and T043514), the Hungarian National
Science Foundation, OTKA (F034707), and the Polish-
German Foundation.
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FIG. 3 (color online). (a) The sum of the !"!", !"!#,
!#!", and !#!# invariant mass spectra. The shaded histo-
gram shows the normalized mixed-event background.
(b) Background subtracted spectrum with the Gaussian fit to
the peak.
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Fig. 2. Distributions in M(D∗p) for (a) opposite-charge and (b)
same-charge D∗p combinations. The data are compared with a
two-component background model in which “wrong charge D”
K±π± combinations are used to describe non-charm related
background and the “D∗ MC” simulation describes background
involving real D∗ mesons.

and D∗+p̄ combinations (see Section 4). The dis-
tribution for the same-charge combinations shows a
small enhancement in the M(D∗p) region in which
the opposite-charge signal is observed.
The background distributions for the D∗p combi-

nations are modelled by the sum of two contributions,
which are shown in Fig. 2. Background from random
combinations not involving charm is modelled using
the “wrong charge D” combinations, as described in
Section 2.3, combined with proton candidates as for
the correct-charge D0 sample. Combinatorial back-
ground from D∗ mesons with real or misidentified
protons is modelled using simulated events from the

RAPGAP [14] Monte Carlo model applied to D∗ pro-
duction in DIS, including string fragmentation and
decays from JETSET [15,16]. The RAPGAP model
gives a good description of the shapes of the inclu-
sive D∗ distributions. This contribution (“D∗ MC” in
Fig. 2) is normalised according to the D∗ yield in the
data (Fig. 1(a)).
No significant structures are observed in either

component of this background model. The model
gives a reasonable description of the shape and nor-
malisation of the M(D∗p) distribution away from the
signal region for the opposite-charge combinations.
TheM(D∗p) distribution from the same-charge com-
binations is also well described in shape, though the
model prediction lies approximately 15% above the
data.
Alternative models have been studied for the back-

ground distribution for the opposite-chargeD∗p com-
binations. Similar distributions to those shown in
Fig. 2 are obtained when a DJANGO [17] simulation
of inclusive DIS is used to replace both model com-
ponents. The same is true when the RAPGAP model
of the D∗-related background is replaced by simula-
tions with modified parton shower dynamics (CAS-
CADE [18]) or fragmentation (HERWIG [19]). In all
cases, no resonant structures are observed in the sim-
ulated M(D∗p) distributions. Possible contributions
from beauty decays have been considered using a fur-
ther RAPGAP Monte Carlo simulation. After normal-
ising to the luminosity of the data, the resulting contri-
bution is negligible.
The events giving contributions in the peak region

of the opposite-chargeM(D∗p) distribution have been
visually scanned and no anomalies are observed in
the events or the candidate tracks. All entries within
±24 MeV of the peak arise from different events,
with one exception where the same π , πs and proton
candidates contribute with two differentK candidates.
For the full M(D∗p) range shown in Fig. 2(a), there
are an average of 1.12 entries per event. The signal
is present in each case when the data are divided
into two sub-samples of similar size, discriminated
in variables such as x or Q2, the pseudorapidity or
transverse momentum of the D∗p composite, or the
data taking period. The peak also remains clearly
visible for reasonable variations in the binning or
selection criteria. In all cases, the observed mass and
width of the peak are stable to within a few MeV.

yield above that obtained using the default background
model. Additional background processes not present in our
MC calculations such as Bc → Bsnπ with n > 1, or other
new states at higher mass, would thus have the effect of
reducing the Xð5568Þ yield for the no-cone cut case.
As a cross-check, we extract a pure B0

sπ# signal by
performing fits of the number of B0

s events in the J=ψϕ
mass distribution in 20 MeV=c2 intervals in the range
5.5 < mðB0

sπ#Þ < 5.9 MeV=c2. Results of those fits are
shown in Fig. 4. A fit to the dependence of resulting B0

s
yields on mðB0

sπ#Þ, with the mass and natural width fixed
to the previously obtained values, gives 118# 22 signal
events. This result confirms that the observed signal is due
to B0

sπ# candidates with genuine B0
s mesons and thus

eliminates the possibility of non-B0
s processes mimicking

the signal.
We obtain the systematic uncertainties for the measured

values of the Xð5568Þ state mass, natural width, and the

number of events. The dominant uncertainties are due to the
background and signal shapes. We evaluate the systematic
uncertainties due to the background shape by (i) using
different models of bottom pair production in generating
the B0

s MC samples, (ii) varying the sideband mass
intervals, (iii) changing the way the B0

s mass constraint
is applied in the calculation of mðB0

sπ#Þ for the sideband
events by replacing the mass difference defined in the text
by the kinetic energy obtained by forcing mðJ=ψϕÞ to the
world-average B0

s mass, (iv) changing the ratio of the MC to
the sideband events within 1σ, (v) using different back-
ground functions by replacing the fourth-order polynomial
in Eq. (1) with a third- or fifth-order polynomial or
replacing the second-order polynomial in the exponential
with the first- or third-order polynomial, and (vi) varying
the nominal B0

s mass within#1 MeV=c2 in the background
samples, both for the sideband data and simulated events.
The systematic uncertainties due to the signal shape are
evaluated by (i) varying the detector resolution within
#1 MeV=c2 around the mean value, (ii) using a non-
relativistic Breit-Wigner function, and (iii) using a P-wave
relativistic Breit-Wigner function.
Additionally, we estimate the systematic uncertainties

due to the binning by changing the bin size to 5 MeV=c2,
and to 10 MeV=c2 instead of 8 MeV=c2, and shifting the
lower edge of the mass scale by 1=3, 1=2, and 2=3 of the bin
size. All systematic uncertainty sources are summarized in
Table I. The uncertainties are added in quadrature sepa-
rately for positive and negative values to obtain the total
systematic uncertainties for each measured parameter and
are treated as nuisance parameters to construct a prior
predictive model [11,16] of our test statistic. When the
systematic uncertainties are included, the significance of
the observed signal, including the look-elsewhere effect, is
reduced to 5.1σ. For the analysis without the ΔR cut
[Fig. 3(b)] we obtain a significance including the system-
atic uncertainty and the look-elsewhere effect of 3.9σ.
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FIG. 4. The mðB0
sπ#Þ distribution resulting from fits of the B0

s
signal tomðJ=ψϕÞ in twenty mass intervals of ðB0

sπ#Þ candidates
described in the text. The solid line shows the result of the fit. The
dashed line shows the contribution of events due to the B0

s
background from simulations. There is no non-B0

s background.

TABLE I. Systematic uncertainties for the observed Xð5568Þ state mass, natural width, and number of events.

Source Mass, MeV=c2 Width, MeV=c2 Rate, %

Background shape
MC samples with soft or hard B0

s þ0.2; −0.6 þ2.6; −0.0 þ8.2; −0.0
Sideband mass ranges þ0.2; −0.1 þ0.7; −1.7 þ1.6; −9.3
Sideband mass calculation method þ0.1; −0.0 þ0.0; −0.4 þ0.0; −1.3
MC to sideband events ratio þ0.1; −0.1 þ0.5; −0.6 þ2.8; −3.1
Background function used þ0.5; −0.5 þ0.1; −0.0 þ0.2; −1.1
B0
s mass scale, MC and data þ0.1; −0.1 þ0.7; −0.6 þ3.4; −3.6

Signal shape
Detector resolution þ0.1; −0.1 þ1.5; −1.5 þ2.1; −1.7
Non-relativistic BW þ0.0; −1.1 þ0.3; −0.0 þ3.1; −0.9
P-wave BW þ0.0; −0.6 þ3.1; −0.0 þ3.8; −0.0
Other
Binning þ0.6; −1.1 þ2.3; −0.0 þ3.5; −3.3
Total þ0.9; −1.9 þ5.0; −2.5 þ11.4; −11.2

PRL 117, 022003 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending
8 JULY 2016

022003-6

X(C = + 1, I = 1)

T. Nakano et al. (LEPS), PRL 91, 012002 (2003)

C. Alt et al. (NA49), PRL 92, 042003 (2004)

V.M. Abazov et al. (D0), PRL 117, 022003 (2016)

uudds̄

ddssū

uuddc̄

ucd̄s̄

-  annihilation is not possible : genuine exoticqq̄
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Exotic hadrons in experiments 2
Introduction : What are “exotic hadrons”?

New candidate X(2900)

X(S = + 1, C = − 1)

No quantum number exotics are established
  (except for  exotics :  and  with )JPC π1(1400) π1(1600) JPC = 1−+

Experimental fact, but not understood from QCD

R. Aaij et al. (LHCb), PRD 102, 112003 (2020)

- Not included in PDG yet

As described in Sec. VII A, DD̄ resonant structure has
previously been observed in the χcJð3930Þ region; however
it has usually been assumed to arise from the χc2ð3930Þ
resonance. The mass and helicity-angle distributions of
candidates in this region shown in Fig. 11, clearly dem-
onstrate that both spin-0 and spin-2 contributions are

necessary. The masses and widths of these two components
are completely free to vary in the fit; they are found to have
consistent masses while the fit prefers a narrower width for
the spin-0 state. If both spin-0 and spin-2 states are present
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FIG. 7. Comparisons of the invariant-mass distributions (a),(b),(c) of Bþ → DþD−Kþ candidates to the fit projections without any
resonant component in the D−Kþ channel. The total fit function (solid black line) and contributions from individual components
(nonsolid colored lines) are shown as detailed in the legend.

6 8 10 12
]4c/2) [GeV+K−D(2m

14

16

18

20

22

]4 c/2
) [

Ge
V

−
D

+
D(2

m

8−
6−
4−
2−

0
2
4
6
8

FIG. 8. Normalized residual between the data and the model
excluding any D−Kþ components shown across the Dalitz plot
with a minimum of 20 data entries in each bin.

2.5 3 3.5
]2c) [GeV/+K−D(m

0
10
20
30
40
50
60)2 c

Ca
nd

ida
tes

 / (
17

.3 
M

eV
/

FIG. 9. Comparison of the mðD−KþÞ distribution and the fit
projection for a model excluding any D−Kþ resonance, after
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charmonium resonances. The different components are shown as
indicated in the legend of Fig. 7.
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112003-11

at the same mass, one would generically expect the spin-0
state to be broader since its decay to a DþD− pair is in
S wave, as compared to D wave for the spin-2 state, and
therefore is not suppressed by any angular momentum
barrier. This expected pattern is seen in some explicit
calculations of the properties of the χcJð2PÞ states [11];
however the observed pattern is consistent with other
theoretical predictions [13]. Moreover, the fitted χc0ð3930Þ

parameters are consistent with those of the Xð3915Þ
state.
The χc0ð3930Þ state is the only component in the DþD−

S wave in the baseline model. The broad χc0ð3860Þ state
reported by the Belle Collaboration [53] has been included
in alternative fit models but is disfavored. Fits in which
additional S-wave structure is introduced through a non-
resonant component, have been attempted but tend to
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FIG. 10. Comparisons of the invariant-mass distributions (a),(b),(c) of Bþ → DþD−Kþ candidates in the data to the fit projection of
the baseline model. The total fit function and contributions from individual components are shown as detailed in the legend.

TABLE IV. Magnitude and phase of the complex coefficients in the amplitude model, together with fit fractions
for each component. The quantities are reported after correction for fit biases (see Sec. IX). The first uncertainty is
statistical and the second is the sum in quadrature of all systematic uncertainties.

Resonance Magnitude Phase (rad) Fit fraction (%)

DþD− resonances
ψð3770Þ 1 (fixed) 0 (fixed) 14.5$ 1.2$ 0.8
χc0ð3930Þ 0.51$ 0.06$ 0.02 2.16$ 0.18$ 0.03 3.7$ 0.9$ 0.2
χc2ð3930Þ 0.70$ 0.06$ 0.01 0.83$ 0.17$ 0.13 7.2$ 1.2$ 0.3
ψð4040Þ 0.59$ 0.08$ 0.04 1.42$ 0.18$ 0.08 5.0$ 1.3$ 0.4
ψð4160Þ 0.67$ 0.08$ 0.05 0.90$ 0.23$ 0.09 6.6$ 1.5$ 1.2
ψð4415Þ 0.80$ 0.08$ 0.06 −1.46$ 0.20$ 0.09 9.2$ 1.4$ 1.5

D−Kþ resonances
X0ð2900Þ 0.62$ 0.08$ 0.03 1.09$ 0.19$ 0.10 5.6$ 1.4$ 0.5
X1ð2900Þ 1.45$ 0.09$ 0.03 0.37$ 0.10$ 0.05 30.6$ 2.4$ 2.1

Nonresonant 1.29$ 0.09$ 0.04 −2.41$ 0.12$ 0.51 24.2$ 2.2$ 0.5

R. AAIJ et al. PHYS. REV. D 102, 112003 (2020)

112003-12

udc̄s̄
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Quarkonium associated exotics
Introduction : What are “exotic hadrons”?

Pentaquarks , tetraquarks  ?Pc, Pcs, … X, Y, Zc, Zb, Zcs, …

—> Clues to understand the quantum number exotics

- OZI rule : existence of heavy quark pair is almost certain

where Mmissð!þ!#Þ is the missing mass recoiling

against the !þ!# system calculated as Mmissð!þ!#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEc:m: # E&

!þ!#Þ2 # p&2
!þ!#

q
, Ec:m: is the center-of-mass

(c.m.) energy, and E&
!þ!# and p&

!þ!# are the energy

and momentum of the !þ!# system measured in the
c.m. frame. Candidate !ð5SÞ ! !ðnSÞ!þ!# events
are selected by requiring jMmissð!þ!#Þ #m!ðnSÞj<
0:05 GeV=c2, where m!ðnSÞ is the mass of an !ðnSÞ state
[7]. Sideband regions are defined as 0:05 GeV=c2 <
jMmissð!þ!#Þ #m!ðnSÞj< 0:10 GeV=c2. To remove
background due to photon conversions in the innermost
parts of the Belle detector we require M2ð!þ!#Þ>
0:20; 0:14; 0:10 GeV=c2 for a final state with an !ð1SÞ,
!ð2SÞ, !ð3SÞ, respectively.

Amplitude analyses of the three-body !ð5SÞ !
!ðnSÞ!þ!# decays reported here are performed by means
of unbinned maximum likelihood fits to two-dimensional
M2½!ðnSÞ!þ( vs M2½!ðnSÞ!#( Dalitz distributions.
The fractions of signal events in the signal region are
determined from fits to the corresponding Mmissð!þ!#Þ
spectrum and are found to be 0:937) 0:015ðstatÞ, 0:940)
0:007ðstatÞ, 0:918) 0:010ðstatÞ for final states with!ð1SÞ,
!ð2SÞ,!ð3SÞ, respectively. The variation of reconstruction
efficiency across the Dalitz plot is determined from a
GEANT-based MC simulation [8] and is found to be small
except for the higherM½!ðnSÞ!)( region. The distribution
of background events is determined using events from the
!ðnSÞ sidebands and found to be uniform (after efficiency
correction) across the Dalitz plot.

Dalitz distributions of events in the!ð2SÞ sidebands and
signal regions are shown in Figs. 1(a) and 1(b), respec-
tively, where M½!ðnSÞ!(max is the maximum invariant
mass of the two !ðnSÞ! combinations. This is used to
combine !ðnSÞ!þ and !ðnSÞ!# events for visualization
only. Two horizontal bands are evident in the !ð2SÞ!
system near 112:6 GeV2=c4 and 113:3 GeV2=c4, where
the distortion from straight lines is due to interference with
other intermediate states, as demonstrated below. One-
dimensional invariant mass projections for events in the

!ðnSÞ signal regions are shown in Fig. 2, where two peaks
are observed in the !ðnSÞ! system near 10:61 GeV=c2

and 10:65 GeV=c2. In the following we refer to these
structures as Zbð10 610Þ and Zbð10 650Þ, respectively.
We parametrize the !ð5SÞ ! !ðnSÞ!þ!# three-body

decay amplitude by

M ¼ AZ1
þ AZ2

þ Af0 þ Af2 þ Anr; (1)

where AZ1
and AZ2

are amplitudes to account for contribu-
tions from the Zbð10 610Þ and Zbð10 650Þ, respectively.
Here we assume that the dominant contributions come
from amplitudes that preserve the orientation of the spin
of the heavy quarkonium state and, thus, both pions in the
cascade decay !ð5SÞ ! Zb! ! !ðnSÞ!þ!# are emitted
in an S wave with respect to the heavy quarkonium system.
As demonstrated in Ref. [9], angular analyses support this
assumption. Consequently, we parametrize the observed
Zbð10 610Þ and Zbð10 650Þ peaks with an S-wave Breit-

Wigner function BWðs;M;"Þ ¼
ffiffiffiffiffiffi
M"

p

M2#s#iM"
, where we do

not consider possible s dependence of the resonance width.
To account for the possibility of !ð5SÞ decay to both
Zþ
b !

# and Z#
b !

þ, the amplitudes AZ1
and AZ2

are symme-
trized with respect to !þ and !# transposition. Using
isospin symmetry, the resulting amplitude is written as
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FIG. 1. Dalitz plots for !ð2SÞ!þ!# events in the (a) !ð2SÞ
sidebands; (b) !ð2SÞ signal region. Events to the left of the
vertical line are excluded.
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FIG. 2. Comparison of fit results (open histogram) with ex-
perimental data (points with error bars) for events in the !ð1SÞ
(a),(b), !ð2SÞ (c),(d), and !ð3SÞ (e),(f) signal regions. The
hatched histogram shows the background component.

PRL 108, 122001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

23 MARCH 2012

122001-3

A. Bondar, et al., Phys. Rev. Lett. 108, 122001 (2012)

R. Aaij, et al., Phys. Rev. Lett. 115, 072001 (2015)

higher mass states are 9 and 12 standard deviations,
respectively.
Analysis and results.—We use data corresponding to

1 fb−1 of integrated luminosity acquired by the LHCb
experiment in pp collisions at 7 TeV center-of-mass
energy, and 2 fb−1 at 8 TeV. The LHCb detector [13]
is a single-arm forward spectrometer covering the
pseudorapidity range, 2 < η < 5. The detector includes a
high-precision tracking system consisting of a silicon-strip
vertex detector surrounding the pp interaction region [14],
a large-area silicon-strip detector located upstream of a
dipole magnet with a bending power of about 4 Tm, and
three stations of silicon-strip detectors and straw drift tubes
[15] placed downstream of the magnet. Different types of
charged hadrons are distinguished using information from
two ring-imaging Cherenkov detectors [16]. Muons are
identified by a system composed of alternating layers of
iron and multiwire proportional chambers [17].

Events are triggered by a J=ψ → μþμ− decay, requiring
two identified muons with opposite charge, each with
transverse momentum, pT , greater than 500 MeV. The
dimuon system is required to form a vertex with a fit
χ2 < 16, to be significantly displaced from the nearest pp
interaction vertex, and to have an invariant mass within
120 MeV of the J=ψ mass [12]. After applying these
requirements, there is a large J=ψ signal over a small
background [18]. Only candidates with dimuon invariant
mass between −48 and þ43 MeV relative to the observed
J=ψ mass peak are selected, the asymmetry accounting for
final-state electromagnetic radiation.
Analysis preselection requirements are imposed prior to

using a gradient boosted decision tree, BDTG [19], that
separates the Λ0

b signal from backgrounds. Each track is
required to be of good quality and multiple reconstructions
of the same track are removed. Requirements on the
individual particles include pT > 550 MeV for muons,
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FIG. 2 (color online). Invariant mass of (a) K−p and (b) J=ψp combinations from Λ0
b → J=ψK−p decays. The solid (red) curve is the

expectation from phase space. The background has been subtracted.
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PRL 115, 072001 (2015) P HY S I CA L R EV I EW LE T T ER S week ending
14 AUGUST 2015

072001-2

Pc ∼ c̄cuud

Zb ∼ b̄būd

…

—> Quantum number is not exotic
-  can in principle be annihilatedc̄c, b̄b

Pc ∼ c̄cuud ∼ uud ∼ N, Zb ∼ b̄būd ∼ ūd ∼ b1(JPC = 1+−)



13

Hadrons are classified by conserved quantum 
numbers. Non-observation of quantum number 
exotics is highly nontrivial.

Summary

Summary of part I
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Part I : Introduction 

Part II : Structure of  resonanceΛ(1405)

Contents

Y. Kamiya, T. Hyodo, PRC93, 035203 (2016); PTEP2017, 023D02 (2017)
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- Compositeness of hadrons

- Accurate  scattering amplitudeK̄N

- What are “exotic hadrons”?
- Hadronic molecules and universality
- Unstable resonances

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881, 98 (2012)
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Hadronic interactions
Introduction : Hadronic molecules and universality

Strong interaction : hadrons <— quarks

- c.f. EM interaction : atoms <— electrons and nucleus

- Hadrons are (color) charge neutral : van der Waals force?
- stems eventually from QCD

- Meson ( ) exchange force, …qq̄

⇡

N

N

N

N

<latexit sha1_base64="DCyxq23JaTGzklGfxpzR7QbuEXQ="></latexit>

Hadron-hadron interaction (e.g. nuclear force)
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Hadronic molecules (naive)
Introduction : Hadronic molecules and universality

If the hadronic interaction is sufficiently attractive…

- (quasi-)bound state can be formed : hadronic molecules

—> Hadronic molecules : shallow bound states

- Clustering of quarks
- Constituent hadrons keep their identity

Known examples : deuteron , nucleid

N N

- Binding energy of nuclei :  MeV𝒪(1)

- Binding energy of quarks :  or  MeV∞ 𝒪(100)
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Compositeness
Introduction : Hadronic molecules and universality

Can we distinguish hadronic molecules from others?

- Same conserved quantum numbers JP = 1+, I = 0, B = 2

- Physical state = superposition of possible configurations

- Orthogonal basis?
|d⟩ = C6q |qqqqqq⟩ + CNN |NN⟩ + ⋯?

|d⟩ = Z |d0⟩ + X |NN⟩ + ⋯

- Hadrons are asymptotic states of QCD
Expansion in terms of hadrons

—> compositeness  (part II)X

N N
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Two-body universal physics
Shallow s-wave bound states : low-energy universality

- Relation with eigenenergy E

a(E) ∼
i
k

=
i

2μE
( |E | ≪ 1)

- Scattering length interaction range |a | ≫ Rtyp

Introduction : Hadronic molecules and universality

E. Braaten, H.-W. Hammer, Phys. Rept. 428, 259 (2006);
P. Naidon, S. Endo, Rept. Prog. Phys. 80, 056001 (2017)

- Size of (quasi-)bound state  : loosely boundR ∼ a

N

N

strong

N

K̄ 4He

vdW

Examples: , ,  dimerd Λ(1405) 4He

a(E)
aemp

Rtyp

K̄N [fm]NN [fm] [a0]4He
4.3

5.1
1.4

1.2 − 0.8i

1.4 − 0.9i

0.4

178

189

10
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Wave function
Why is a weakly bound s-wave state spatially large? 
- Radial Schrödinger equation

Introduction : Hadronic molecules and universality

−
ℏ2

2μ
d2

dr2
u0(r) + V(r)u0(r) = Eu0(r), ψ0(r) = Y 0

0
u0(r)

r

- At large distance ( ) with zero energy ( )V(r) = 0 E = 0

u0(r) = C(r − a), (r > Rtyp)

- Scattering length  : intercept of a u0(r)

Wave function is not normalizable

∫ d3r |ψ0(r) |2 = ∫
∞

0
dr |u0(r) |2 = ∞

 state is not a bound state (zero-energy resonance)B = 0

- Bound state with B = 0 ⇒ |a | = ∞

rRtyp

u0(r)

∝ const .



20

Consequences
Mean squared radius

—> Size of  state is infinitely large ( )B = 0 a = R

Introduction : Hadronic molecules and universality

⟨r2⟩ = ∫ d3r r2 |ψ0(r) |2 = ∫
∞

0
dr r2 |u0(r) |2 = ∞

—>  state is completely composite ( )B = 0 X = 1, Z = 0

finite

infinite

- Deviation from  : weak-binding relationa = R

Weakly bound state ( , except for fine tuning)B ≠ 0

Compositeness  (weight of the composite component)X
T. Hyodo, Phys. Rev. C 90, 055208 (2014)

X = ∫
d3p

(2π)3
| ψ̃0(p) |2 = ∫ d3r |ψ0(r) |2

Ψ =
ψ̃0(p)

c
⋮ Z = |c |2 + ⋯

X + Z = 1 ← |Ψ |2 = 1
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Hadrons are classified by conserved quantum 
numbers. Non-observation of quantum number 
exotics is highly nontrivial.

Hadronic molecules are shallow (quasi-)bound 
states of hadrons. Different hierarchies can be 
related by low-energy universality. 

Summary

Summary of part I
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Part I : Introduction 

Part II : Structure of  resonanceΛ(1405)

Contents
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Unstable states via strong interaction
Introduction : Unstable resonances

Stable/unstable hadrons

Most of hadrons are unstable (above two-hadron threshold)
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Introduction : Unstable resonances

Relation to unstable nuclei
Stable nuclei (~300), unstable nuclei (~2000)

安定核

…アングルカメラ
　該当番号の解説図の視点を示しています。

中性子数
（横軸は同じ元素）

結合エネルギー

中性子ハロー

ベータ崩壊

中性子スキン

最も安定
（一番低い）

日本初の元素発見

アルファ崩壊

安定の島

ナトリウム 27～32
ヘリウム 8等

ヘリウム 6、リチウム 11、
ベリリウム 11,14、ホウ素 17,19
炭素 19等ヘリウム 6

ヘリウム 4

リチウム 6

陽子数
（元素の種類）

不安定核
未発見の原子核
理研で発見した原子核

鉄56
魔法数 20

ｒ過程、
超新星爆発

魔法数

113番元素

ウラン 235

ウラン 238
トリウム 234

？

中性子

水素
ヘリウム

リチウム

ベリリウム

ホウ素

炭素
窒素

酸素
フッ素

ネオン
ナトリウム マグネシウム

アルミニウム
ケイ素
リン 硫黄

塩素 アルゴン

カリウム カルシウム
スカンジウム

チタン
バナジウム

クロム
マンガン鉄

コバルト

ニッケル

銅
亜鉛

ガリウム
ゲルマニウム

ヒ素
臭素

クリプトン
ルビジウム

ストロンチウム
イットリウム
ジルコニウム

ニオブ
モリブデン
テクネチウム
ルテニウム
ロジウム
パラジウム

カドミウム
インジウム

スズ
アンチモン

テルル

ヨウ素
キセノン
セシウム
バリウム
ランタン
セリウム

プラセオジム
ネオジム

プロメチウム
サマリウム

ガドリニウム
テルビウム

ジスプロシウム
ホルミウム

エルビウム
ツリウム

イッテルビウム
ルテチウム
ハフニウム

タンタル
タングステン

レニウム
オスミウム
イリジウム

白金

金
水銀
タリウム

鉛
ビスマス
ポロニウム
アスタチン

ラドン
フランシウム

ラジウム
アクチニウム

プロトアクチ
ニウム

トリウム

ウラン
ネプツニウム
プルトニウム
アメリシウム

ユウロピウム

銀

セレン

C h a r t  o f  N u c l i d e s
　皆さんご存知の周期表は
元素を原子番号順に並べた表ですが、
性質の似た元素が縦に揃うよう工夫してあるため、
凹型という不思議な形状をしています。
　一方、核図表は単純に原子番号 (つまり陽子※2 の数 ) を縦軸に、中性
子※3 の数を横軸に並べた原子核の表です。原子核は陽子数と中性子数の
数によっておよそ 1万種類あると言われています。同じ陽子数（元素）で
も様々な中性子数の原子核が存在することがこの表からわかります。同
じ元素で、違った中性子数である元素を「同位元素※4」と言います。
　この表の " 高さ "、というか " 谷の深さ " はそれぞれの原子核の結合
エネルギーを示しています（低い方が強い)。結合力の強い安定核（黒）が、
あたかも谷筋を流れる川のようなので、これを「ハイゼンベルク※5 の
谷」と呼びます。

※ハイゼンベルクの谷の核図表※ハイゼンベルクの谷の核図表

監修：理化学研究所 仁科加速器研究センター
URL：http://www.nishina.riken.jp/
この表は2012年 7月現在のものです。
改訂版などの情報は上記サイトよりご確認ください。

　今から 137 億年前、ビッグバンによって私たちの宇宙は生まれました。でもそ
の時に存在した元素は水素とヘリウムだけ。それから３億年ほど経て星が生まれ
ると、その中で重い元素が創られ始め、星の終焉に起きる超新星爆発では、より重
い元素が一気に創られたと考えられています。私たちの体を含め、宇宙を構成す
る物質は全てこれらの元素から出来ています。一方、元素の本体は陽子と中性子
からなる原子核です。陽子と中性子の微妙なバランスからなる原子核の成り立ち
を調べることは、物質の起源を調べることにほかなりません。ここに示す核図表
は全ての原子核を示した地図であり、元素合成と宇宙の歴史も刻まれています。
原子核は果たしてどのように生まれたのか、またどのようなものなのか、核図表
を一緒に見てみましょう。

「全原子核の地図」核図表とは 私たちの体は星くずでできている原子核の大きさ
　縦軸は陽子数であり、元素の種類でもあります。下から上に向
かって陽子数が増えていくため、周期表の順番と一緒です。横軸は
中性子数で左から右に向かって中性子の数が増えていきます。つま
り横一線では同じ陽子数で、違う中性子数で構成される同位元素に
なります。
　黒い所は安定核※6 といい、天然に存在する原子核です。オレンジ
色の所はこれまでに発見・合成された原子核です。白い所は理論的
に存在するとされる原子核で未発見の原子核です。高さは結合エネ
ルギー※7 を表していて、高いほど原子核が不安定といえます。

核図表の見かた

真上からみた立体核図表

（1兆分の1cm）

髪の毛
0.1mmφ

㓟素原子核

中性子
陽子

人間地球

（0.1cm） （1億分の1cm）

170cm13.000km

Ỉ⁲

Ỉศ子

㓟素原子

原子核
電子

水素原子
酸素原子

䠍ࠥ 䠌䠌䠌୓ศ䛾1 䠍ࠥ୓ศ䛾1

　原子の大きさは約 1000 万分の１mm。最新鋭の顕微鏡でぎりぎり見え
る大きさです。しかし元素の本体は原子の中心にある原子核です。原子核
の大きさは原子のさらに 10 万分の１ですから、まったく見ることは出来
ません。たとえ見えなくても私たちは原子核が陽子 (＋の電気を持つ ) と
中性子 ( 電気を持たない ) という２種類の粒子の塊であることを知ってい
ます。

次世代の恒星ができる
（例えば太陽系）

恒星ができる

宇宙に散らばった
水素・ヘリウムが
重力でだんだん
集まってくる

恒星内で鉄までの元素が作られる

作られた元素が
宇宙にばらまかれる

この瞬間に
ウランまでの元素が
一気に作られる

超新星爆発

星間物質

星の終焉
例えばヘリウム 4では

原子核の表記方法

He4
2

例えば炭素 13では

と表す。（※右の核図表
では陽子数は省略）

C136

元素記号陽子+中性子数
陽子数

宇宙の始まり
137億年前

水素とヘリウムだけ
他の元素はない

ビッグバン

重力で
星間物質が

だんだん集まってくる

宇宙では常に元素合成を繰り返
しています。宇宙誕生時には水
素とヘリウムしかありませんで
した。それから３億年ほどで星
が誕生し、その星の内部や、星の
爆発で原子番号が大きい元素は
作られています。

下記核図表は見やすくするため高さを抑えて
表現してありますが、これくらい深い谷を示します。※1

陽
子
数

中性子数

1

5

6

4

2

3

ヘリウム4
×92
×143

陽子中性子

ウラン235

×2
×2

原子核は陽子と中性子の集合体でできてい

ます。例えばヘリウム 4 は 2 つの陽子と 2

つの中性子からなり、ウラン235は 92個

の陽子と 143 個の中性子からなっていま

す。陽子と中性子の数はそれぞれの原子核

ごとに安定する値があり、そのバランスが

崩れると原子核が壊れて別の原子核へと変

化していきます。

21 原子核＝陽子+中性子

9

8

仁科センターの森田浩介研究員らの

グループは世界でこれまで未確認だった

新しい113番元素の発見に成功しました。

新元素の発見は、目的とする原子核のできる確率が極端に小

さいためとても困難で、世界中でその発見を競っています。

113番元素の場合、亜鉛とビスマスの原子核同士を100兆

回も衝突させる必要がありました。この発見により、日本で初

めて元素の名前を付ける権利を得ることができそうです。

9 日本史上初の元素発見「113番元素」

線形加速器リニアック
（RILAC）からのビーム

入射粒子
原子番号30番

亜鉛
標的核

原子番号83番
ビスマス

励起状態
（高温の複合核）

279[113]*

基底状態の核
（目的核種）
278[113]

目的核種の娘核
274[111]

中性子を放出して冷却

アルファ崩壊核反応

時
間
経
過

原子核の構成要素

中性子

陽子

核図表で最も安定した元素は鉄 56 です。し

たがって鉄は谷の中で最も低い位置にあり

ます。宇宙での元素合成は水素・ヘリウムを

材料としてまずは恒星内の核融合反応に

よって進みます。あたかも山の頂に

あるような水素から鉄までは谷を

下るように合成されるのです。し

かし鉄より先は登りですから、何

らかの力を借りる必要があり、そ

の一つとして超新星爆発の力を借

りて谷を登るように合成されて

いったと考えられています。
（※大きな核図表は紙面の都合で谷の

スケールを低く調整してあり、

一方この核図表は一般的

な「ハイゼンベルクの谷」

を表現しています。）

10 鉄はターニングポイント

鉄56
（最も谷底にあり最も安定）

恒星内で進行した
核融合反応

超新星爆発での
原子核合成

水素

ウラン

↓

↓

10

11

7

原子核には色々な形が存在することがわかって

います。球状だけでなく、バナナ型やミカン型な

ど様々です。特に上記に示した原子核は特徴的

です。中性子スキンは過剰な中性子が原子核の

外にしみ出して中性子だけの皮を作っています。

中性子ハローはしみ出した中性子が大きく広

がってしまい、おぼろげに存在します。

65 塊だけじゃない─色々な原子核

中
性
子
ス
キ
ン

中
性
子
ハ
ロ
ー

※分割断面

周りが中性子で
覆われている 周りに中性子がおぼろげに存在

ウラン235,238
（最も重い安定核）

水素↓

　　本来、超重原子核は非常に不安定ですが、理論的に

このような離れた位置に安定核が存在するかもしれな

いとされています。このあたりに魔法数が存在すると思

われているからです。周りは全て不安定原子核の海のよ

うになっていることから、安定の島と呼ばれています。

8 安定の島

再び安定した原子核が
現れるかもしれない！？

鉄までの原子核は恒星内で生まれました。鉄より重い元素はど

のようにしてできたのでしょうか。これまでの研究でその半分

位は超新星爆発によってできたと考えられています。この時の

爆発的な元素合成の道筋が左図の青色のラインで、ｒ過程と呼

ばれます。超新星爆発の際に発生する大量の中性子を通常の原

子核が沢山取り込み、一気に重たい中性子過剰核へと変貌。途中

から中性子の取り込みと中性子が陽子に変わる反応（ベータ崩

壊）のバランスで複雑なラインを描くことになると考えられて

います。爆発が落ち着き中性子の供給が止まると、ベータ崩壊に

よってまさに谷を下るように安定核へと変化する道筋を緑色の

ラインで示しました。RIBF※8 ではこの中性子過剰核を作り、そ

れを調べる事ができます。

11 不安定核を介して鉄より重い元素が出来る

超新星爆発での
r過程の経路

鉄

中性子過剰になると
安定に向かう

水素

ウラン

↓

原子核はとても固く簡単には壊

せません。しかし不安定核はより

安定な原子核へと自らを変化さ

せます。その際に起きる現象を

「崩壊」と呼びます。崩壊にはアル

ファ (α)、ベータ (β)、ガンマ

(γ) の３種類あります。α崩壊は

左上図のように、原子核からヘリ

ウム原子核（陽子２、中性子２）が

飛び出す現象です。当然軽くなり

原子番号が２つ減ります。また飛

び出たヘリウム原子核をα線と

呼びます。β崩壊は左下図のよう

に、原子核内の中性子が陽子に変

化する反応です。その時、電子と

反ニュートリノを放出します。重さはほぼ変わりませんが、陽子がふえ

ますから、原子番号が１つ増えます。飛び出た電子をβ線と呼びます。

なお崩壊した直後の原子核は興奮して熱くなっています。これが冷え

る時に光を出します、この光をγ線と呼びます。

43 原子核の崩壊─アルファ崩壊、ベータ崩壊

ウラン238
放射性同位体

トリウム234
放射性同位体

α崩壊

α線（ヘリウム4）

ヘリウム6
放射性同位元素

リチウム6
安定同位元素

反ニュートリノ

β崩壊

β線（電子）

中性子→陽子

　　原子核の安定には陽子数と中性子数のバランスが大切

です。それとともに、陽子・中性子が好む数字があり、

これを魔法数と呼びます。今知られているのは

2、8、20、28、50、82、126です。

例えば、カルシウムは陽子数20

ですから魔法数です。そのため

バランスが崩れる程

中性子が多くても、

安定な原子核が

あるのが分かり

ます。

7 魔法数（マジックナンバー）

2
2

20

20

28

28

50

50

82

126

82

8

8

カルシウム

中性子が多くても
安定核が存在

ニッケル

スズ

鉛

酸素
ヘリウム

11

10

8

※断面図

※1「核図表」：誌面中央の核図表は都合で高さの違いが分かりにくいのですが、一般に「ハイゼンベルクの谷」は誌面左
上図のように深い谷で表現します。なお、深い谷にすると内側が見えなくなってしまう．．．というのが都合です。
※2,3「陽子」「中性子」：原子核はほぼ同じ重さの２種類の粒子で出来ています。プラス電荷を持つのが陽子、電荷を持た
ないのが中性子です。通常は原子核は電子で取り囲まれていて、その電子はマイナス電荷を持ち重さは陽子の約 2000 分

の１という軽さです。
※4：「同位元素」：同位体ともいいます。同位元素には放射性崩壊を起こす「放射性同位元素」（RI）と、崩壊しない「安
定同位元素」とがあります。
※5「ハイゼンベルク」：ドイツの理論物理学者、ヴェルナー・カール・ハイゼンベルク。行列力学と不確定性原理によって

量子力学を完成させた一人です。
※6「安定核」：崩壊しない原子核のことを安定核といいます。ただし、ウランなどのように半減期が地球の年齢よりも長
く採掘も可能なものは、この表では安定核としています。
※7「結合エネルギー」：陽子と中性子がバラバラではなく、結合し原子核になったときに失われるエネルギーを結合エネ

ルギーと言います。低い所にある原子核ほど失ったエネルギーが大きく壊れにくい、つまり安定になります。
※8「RIBF」：RI ビームファクトリー。理研仁科加速器研究センターの日本を代表する原子核研究施設の総称。 初

　
版

https://www.nishina.riken.jp/enjoy/kakuzu/index.html

- Clustering, halo nuclei, Efimov effect, …
Structure of unstable nuclei



Well-defined characterization : pole of scattering amplitude
T. Hyodo, M. Niiyama, arXiv: 2010.07592 [hep-ph], to appear in PPNP

Theoretical analysis to pin down the pole position

pole of s-matrix/
scattering amplitude

|sℓ(p) | → ∞

- bound states (E < 0)

- resonances (E ∈ ℂ)

Schrödinger eq. + outgoing b.c.
at energy E (p = 2μE)

zero of Jost function

| fℓ(p) | → ∞p = iκ (κ > 0)

p ∈ ℂ (Im p < 0)

⇔ ⇔f
`
(p) = 0

<latexit sha1_base64="LwDYLv/3PHA+BN+zK6dqOoSVCKw="></latexit>
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Introduction : Unstable resonances

Pole of resonances
Signals of a resonance

σ(E )

E E

δ(E )

π
2

Im E
Re E
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Introduction : Unstable resonances

Nature of resonances

- Complex energy
G. Gamow, Z. Phys. 51, 204 (1928)204 

Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 

U 

E! 

\ 

Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 
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So sehen wir, dab die Amplitude der durchgegangenen Welle um so 
kleiner ist, ie klelner die Gesamtenergie ~ ist, und zwar spielt der 
Faktor : 

~ .  ~ 1/Voo _ E. ~ e - l k t  ~ e h 

in dieser Abhangigkeit die wichtigste Rolle. 
w 3. Jetzt k(innen wit das Problem fiir zwei symmetrische Potential- 

schwellen (Fig. 3) 15sen. Wir werden zwei Liisungen suchen. 
Eine L~sung sell ~ r  positive q gelten und fiir q ~ qo ~- I die 

Welle : 
2t e* 

geben. Die andere L~sung gilt ~iir negative q und gibt lfir q ~ - -  (qo + / )  
die Welle 

21. : ( ~ t  + q" ' -~  

Dann kSnnen wir die beiden L~sungen an der Grenze q - -  0 niehf 
stetig aneinanderfiigen, denn wlr haben bier zwei Grenzbedingungen zu 

~ s  

q( 

// 

~r 

e 

Fig. 3. 

effiillen und nur eine Konstante a zur Ver~gung. Die physikalisehe 
Ursaehe dieser UnmSglichkeit ist, dal~ die aus diesen zwei Liisungen 
konstruierte W-Funktlon dem Erhaltungssatz 

+ (qo +/) 
O---/Oj" _._ _--h 

- -  (qo + l)  
nicht genfigt. 

Um diese Schwierigkeit zu ilberwinden, miissen wir annehmen, dal] 
die Schwingungen ged~mpft sin(t, und E komplex setzen: 

hZ 

we E o die gewShnliche Energie ist und 9[ das D~mpfungsdekrement 
(Zer~allskonstante). ])ann sehen wir aber aus den Relationen (2 a) und (2 b), 

Resonance as an “eigenstate” of Hamiltonian

- complex expectation value (norm, )⟨r2⟩

- interpretation problem…

- Time dependence : probability decreasing

206 6. Gamow, 

hSher die zu tiberwindende Potentialschwelle ist. Um diese Tatsache 
zu erl~utern, wollen wir ein einfaches Beispiel untersuchen. 

Wir haben eine rechteckige Potentialschwelle und wit wollen die 
LSsung der Sch rSd inge r schen  Gleichung linden, welche den Durchgang 
der Partikel yon rechts nach links darstellt. Ftir die Energie E schreiben 
wir die Wellenfunktion $ in der folgenden Form: 

= ~ ( q ) .  e+ ~-~, 
wo ~ (q) der Amplitudengleichung : 

O '~ *; 8 a: 2 m 
O q' + ---fV- ( E -  U) ~ ~--- 0 (1) 

geniigt. 
Fiir das Gebiet I haben wir die L(isung 

~ - -  A cos  (k q + ~), 

wo .4. und a zwei beliebige Konstanten sind und 

k _--  2 ~ ~ /2 -~   9 1 / E  (2 a) 
h 

bedeutet. In dem Gebiet I I  lantet die LSsung 
~t-rlI _.7_ Ble-k 'q  + B~e+k'q, 

WO 

ist. 
h 

An der Grenze q ----- 0 gelten die Bedingungen: 

la~'T] [o~,q 
~PI(O) ~ ~w(O) und [ - ~ q  3 q = o ~  [ Oq Jq=o'  

woraus wir leicht 
A A 

B1 - -  2 s i n g S i n ( a + # ) ;  B 2 - -  2 sin @ Sin (u - -  #) 

erhalten, wo 
1 

sin # ~ - -  
1 + \ k ' /  

is~. 
Die Liisung im Gebie~ l [  lautet daher: 

A 
~lrlI - -  2 sin ~ [sin (c~ + #) .  e -  k, q _ sin (e, - -  #) e+ k, q]. 

In I I I  haben wir wieder: 

(2 b) 

W m  ~ C cos (k q +/~).  

∝ e+2πiE0t/he−(λ/2)t, |ψ |2 ∝ e−λt
e−λt

t

|ψ |2

- Spatial distribution : divergence at large r
3.0

2.5

2.0

1.5

1.0

0.5

0.0

-0.5

R
e 
s

 [b
-1

/2
]

86420
x [b]

Ψ(r) ∼ eikr, |Ψ(r) |2 ∼ e2kIr, k = kR − ikI
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Hadrons are classified by conserved quantum 
numbers. Non-observation of quantum number 
exotics is highly nontrivial.

Hadronic molecules are shallow (quasi-)bound 
states of hadrons. Different hierarchies can be 
related by low-energy universality. 

Most of hadrons are unstable against the 
strong decay. Internal structure of hadrons 
should be discussed with unstable nature.

Summary

Summary of part I
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Part I : Introduction 

Part II : Structure of  resonanceΛ(1405)

Contents

Y. Kamiya, T. Hyodo, PRC93, 035203 (2016); PTEP2017, 023D02 (2017)

Contents

- Compositeness of Λ(1405)

-  scattering and  polesK̄N Λ(1405)

- What are “exotic hadrons”?
- Hadronic molecules and universality
- Unstable resonances

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881, 98 (2012)
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 and  scatteringΛ(1405) K̄N
 scattering and  polesK̄N Λ(1405)

 does not fit in standard picture —> exotic candidateΛ(1405)

: experiment

Λ(1405)

: theory

N. Isgur and G. Karl, Phys. Rev. D18, 4187 (1978)

Resonance in coupled-channel scattering

Detailed analysis of -  scattering is necessaryK̄N πΣ

 thresholdK̄N

en
er

gy Λ(1405)

 thresholdπΣ

N
K̄

- Coupling to MB states

Σ
π

u d
s
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Strategy for  interactionK̄N

Above the  threshold : direct constraintsK̄N

-  total cross sections (old data)K−p

Below the  threshold: indirect constraintsK̄N

-  mass spectra (new data : LEPS, CLAS, HADES, …)πΣ

-  threshold branching ratios (old data)K̄N
-  scattering length (new data : SIDDHARTA)K−p

K̄N

πΣ
energy

Λ(1405)

 scattering and  polesK̄N Λ(1405)
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Construction of the realistic amplitude
Chiral SU(3) coupled-channels  approach(K̄N, πΣ, πΛ, ηΛ, ηΣ, KΞ)

= +

TW model

Chiral perturbation theory

TWB model NLO model

T V TV

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881 98 (2012)

O(p2)O(p)

O(p)

2) Born terms1) TW term 3) NLO terms

7 LECs6 cutoffs

 scattering and  polesK̄N Λ(1405)



TW TWB NLO Experiment

�E [eV] 373 377 306 283± 36± 6 [10]

� [eV] 495 514 591 541± 89± 22 [10]

� 2.36 2.36 2.37 2.36± 0.04 [11]

Rn 0.20 0.19 0.19 0.189± 0.015 [11]

Rc 0.66 0.66 0.66 0.664± 0.011 [11]

�2/d.o.f 1.12 1.15 0.96

pole positions 1422� 16i 1421� 17i 1424� 26i

[MeV] 1384� 90i 1385� 105i 1381� 81i

Table 1
Results of the systematic �2 analysis using leading order (TW) plus Born terms (TWB) and full NLO
schemes. Shown are the energy shift and width of the 1s state of the kaonic hydrogen (�E and �),
threshold branching ratios (�, Rn and Rc), �2/d.o.f of the fit, and the pole positions of the isospin I = 0
amplitude in the K̄N -⇡⌃ region.

the subtraction constants ai in Eq. (7), especially those in the ⇡⇤ and ⌘⌃ channels,
exceed their expected “natural” values ⇠ 10�2 by more than an order of magnitude [14].
This clearly indicates the necessity of including higher order terms in the interaction
kernel Vij . It also emphasizes the important role of the accurate kaonic hydrogen data in
providing sensitive constraints.

The additional inclusion of direct and crossed meson-baryon Born terms does not
change �E and �2/d.o.f. in any significant way. It nonetheless improves the situation
considerably since the subtraction constants ai now come down to their expected “nat-
ural” sizes.

The best fit (with �2/d.o.f. = 0.96) is achieved when incorporating NLO terms in the
calculations. The inputs used are: the decay constants f⇡ = 92.4 MeV, fK = 110.0 MeV,
f⌘ = 118.8 MeV, and axial vector couplings D = 0.80, F = 0.46 (i.e. gA = D+F = 1.26);
subtraction constants at a renormalization scale µ = 1 GeV (all in units of 10�3): a1 =
a2 = �2.38, a3 = �16.57, a4 = a5 = a6 = 4.35, a7 = �0.01, a8 = 1.90, a9 = a10 =
15.83; and NLO parameters (in units of 10�1 GeV�1): b̄0 = �0.48, b̄D = 0.05, b̄F =
0.40, d1 = 0.86, d2 = �1.06, d3 = 0.92, d4 = 0.64. Within the set of altogether
“natural”-sized constants ai the relative importance of the K⌅ channels involving double-
strangeness exchange is worth mentioning.

As seen in Table 1, the results are in excellent agreement with threshold data. The
same input reproduces the whole set of K�p cross section measurements as shown in
Fig. 2 (Coulomb interaction e↵ects are included in the diagonal K�p ! K�p channel
as in Ref. [6]). A systematic uncertainty analysis has been performed by varying the
parameters obtained from �2 fits within the range permitted by the uncertainty measures
of the kaonic hydrogen experimental data. Since the shift and width of kaonic hydrogen
are rather insensitive to the I = 1 scattering amplitudes, the total cross section of
K�p ! ⇡0⇤ reaction is also used for the uncertainty analysis. We find that all cross
sections are well reproduced with the constraint from the kaonic hydrogen measurement
as shown by the shaded areas in Fig. 2. A detailed description of this analysis will be
given in a longer forthcoming paper [15].

Equipped with the best fit to the observables at K�p threshold and above, an opti-

5
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Best-fit results

Branching ratios

SIDDHARTA
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Comparison with SIDDHARTA

TW and TWB are reasonable, while best-fit requires NLO

800
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200

0
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 [e
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]

-500 -400 -300 -200 -100 0

Shift 6E [eV]

SIDDHARTA

KEK-PS DEAR

TW TWB NLO

χ2/d.o.f. 1.12 1.15 0.957

 scattering and  polesK̄N Λ(1405)
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Subthreshold extrapolation

SIDDHARTA is essential for subthreshold extrapolation

Uncertainty of  amplitude below thresholdK̄N → K̄N(I = 0)

Y. Kamiya, K. Miyahara, S. Ohnishi, Y. Ikeda, T. Hyodo, E. Oset, W. Weise, 
NPA 954, 41 (2016)
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Figure 5.13: Real (left panel) and imaginary part (right panel) of the I = 0 K̄N and
πΣ amplitudes in the full approach. The best fit is represented by the solid lines while
the bands comprise all fits in the 1σ region. The πΣ and K̄N thresholds are indicated
by the dotted vertical lines.

R. Nissler, Doctoral Thesis (2007)

SIDDHARTA

 scattering and  polesK̄N Λ(1405)
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Extrapolation to complex energy: two poles

J.A. Oller, U.G. Meißner, PLB 500, 263 (2001);
D. Jido, J.A. Oller, E. Oset, A. Ramos, U.G. Meißner, NPA 723, 205 (2003);
U.G. Meißner, Symmetry 12, 981 (2020); M. Mai, arXiv: 2010.00056 [nucl-th]; 
T. Hyodo, M. Niiyama, arXiv: 2010.07592 [hep-ph]

Two poles : superposition of two eigenstates
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T. Hyodo, D. Jido, Prog. Part. Nucl. Phys. 67, 55 (2012) 

NLO analysis confirms the two-pole structure

 scattering and  polesK̄N Λ(1405)
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PDG has changed
2020 update of PDG

- “ ” is no longer at 1405 MeV but ~ 1420 MeV.Λ(1405)
- Lower pole : two-star resonance Λ(1380)

T. Hyodo, M. Niiyama, arXiv: 2010.07592 [hep-ph], to appear in PPNP
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Citation: P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)

Λ(1405) 1/2− I (JP ) = 0(12
−) Status: ∗∗∗∗

In the 1998 Note on the Λ(1405) in PDG 98, R.H. Dalitz discussed
the S-shaped cusp behavior of the intensity at the N-K threshold ob-
served in THOMAS 73 and HEMINGWAY 85. He commented that
this behavior ”is characteristic of S-wave coupling; the other below
threshold hyperon, the Σ (1385), has no such threshold distortion
because its N-K coupling is P-wave. For Λ(1405) this asymmetry is

the sole direct evidence that JP = 1/2−.”

A recent measurement by the CLAS collaboration, MORIYA 14,

definitively established the long-assumed JP = 1/2− spin-parity
assignment of the Λ(1405). The experiment produced the
Λ(1405) spin-polarized in the photoproduction process γ p →

K+Λ(1405) and measured the decay of the Λ(1405)(polarized) →

Σ+ (polarized)π−. The observed isotropic decay of Λ(1405) is
consistent with spin J = 1/2. The polarization transfer to the

Σ+(polarized) direction revealed negative parity, and thus estab-

lished JP = 1/2−.

See the related review(s):
Pole Structure of the Λ(1405) Region

Λ(1405) POLE POSITIONΛ(1405) POLE POSITIONΛ(1405) POLE POSITIONΛ(1405) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1429+ 8
− 7

1 MAI 15 DPWA

1434± 2 2 MAI 15 DPWA

1421+ 3
− 2 GUO 13 DPWA

1424+ 7
−23 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.

−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

24+ 4
− 6

1 MAI 15 DPWA

20+ 4
− 2

2 MAI 15 DPWA

38+16
−10 GUO 13 DPWA

52+ 6
−28 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.

HTTP://PDG.LBL.GOV Page 1 Created: 6/1/2020 08:30

Citation: P.A. Zyla et al. (Particle Data Group), Prog. Theor. Exp. Phys. 2020, 083C01 (2020)

Λ(1380) 1/2− JP = 1
2
− Status: ∗∗

OMITTED FROM SUMMARY TABLE
See the related review on ”Pole Structure of the Λ(1405) Region.”

Λ(1380) POLE POSITIONΛ(1380) POLE POSITIONΛ(1380) POLE POSITIONΛ(1380) POLE POSITION

REAL PARTREAL PARTREAL PARTREAL PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

1325±15 1 MAI 15 DPWA

1330+ 4
− 5

2 MAI 15 DPWA

1388± 9 GUO 13 DPWA

1381+18
− 6 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.

−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART−2×IMAGINARY PART
VALUE (MeV) DOCUMENT ID TECN

• • • We do not use the following data for averages, fits, limits, etc. • • •

180+24
−36

1 MAI 15 DPWA

112+34
−22

2 MAI 15 DPWA

228+48
−50 GUO 13 DPWA

162+38
−16 IKEDA 12 DPWA

1Solution number 4.
2 Solution number 2.

Λ(1380) REFERENCESΛ(1380) REFERENCESΛ(1380) REFERENCESΛ(1380) REFERENCES

MAI 15 EPJ A51 30 M. Mai, U.-G. Meissner (BONN, JULI)
GUO 13 PR C87 035202 Z.-H. Guo, J. Oller
IKEDA 12 NP A881 98 Y. Ikeda, T. Hyodo, W. Weise (MUNT, RIKEN, TINT)

HTTP://PDG.LBL.GOV Page 1 Created: 6/1/2020 08:31

new!

- Particle Listing section:

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881, 98 (2012); 
Z.H. Guo, J.A. Oller, PRC87, 035202 (2013);
M. Mai, U.G. Meißner, EPJA51, 30 (2015)

 scattering and  polesK̄N Λ(1405)
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Further check of amplitude

E. Friedman, A. Gal, NPA959, 66 (2017)
Single-nucleon absorption on kaonic atoms

E. Friedman, A. Gal / Nuclear Physics A 959 (2017) 66–82 75

Fig. 4. (Color online.) Fractions of single-nucleon absorption for amplitudes P and KM: solid circles are for lower states, 
open squares for upper states, solid curves use B values from Table 3 for α = 1, long-dashed curves use B values for 
α = 2. Horizontal dashed lines mark the range of experimental values of the single-nucleon absorption fraction. Models 
P and KM are indistinguishable from each other on this figure. See text for discussion of uncertainties.

parameters, the long-dashed curves are obtained from equally good fits to kaonic atoms data for 
α = 2, with B values given by

Bα=2(P) = −0.5 + i4.6 fm, Bα=2(KM) = 0.3 + i3.8 fm. (10)

Estimating the uncertainties arising from the phenomenological part V (2)
K− of the optical potential, 

the calculated fractions change by ±4% upon using extreme values of α between 1 and 2, and 
up to ±0.6% upon using the results of Table 3. These estimated uncertainties are comfortably 
below the experimental uncertainty given by the two horizontal dashed lines in Fig. 4.

The results for the P and KM sets of amplitudes are indistinguishable on the scale of the 
figure. Indeed, Figs. 1 and 2 show that the two sets of amplitudes are very similar to each other 
over most of the energy range between threshold and 30–40 MeV below. This is the subthreshold 
energy range reached by applying the density-to-energy transformation Eq. (4) for densities as 
high as 50% of ρ0. The contribution to the level widths from higher density regions is suppressed 
owing to the poor overlap of the atomic wave functions with the nucleus at these densities.

In comparing between calculation and experiment we note that for almost all species of kaonic 
atoms in the data base, the absorptions from the upper state are of the order of 10–15% of all 
absorptions, as deduced from the measured upper level to lower level radiation yields. Carbon is 
an exception with, by far, the lowest radiation yield (of 0.07 ± 0.013). Atomic cascade calcula-
tions show that for C about 75% of the absorptions take place from the upper state. Therefore 
the calculated single-nucleon absorption fractions should be close to the upper level points for C 
and very close to the lower level points for all the other species. We conclude that the agreement 
of calculations based on the P and KM amplitudes with the estimated experimental range for the 
single-nucleon absorption fractions is very good.

Fig. 5 shows comparisons between calculations and the experimental range for the other four 
potentials, using α and B values listed in Table 3. Again, solid circles are for lower states and 
open squares are for upper states. The computed values of single-nucleon absorption fractions 
for these potentials, as shown in the figure, fall short significantly of the range of values deduced 

 from  absorption on  at DAΦNE| fK−n→π−Λ | K− 4He

344 K. Piscicchia et al. / Physics Letters B 782 (2018) 339–345

Table 2
The S-wave non-resonant amplitude (| f nr | fm) extracted 
from K−p → !π0 scattering [38,39] and from this ex-
periment (E = −33 MeV).

E = −33 MeV 0.334 ± 0.018 stat+0.034
−0.058syst

plab = 120 MeV 0.33 ± 0.11

plab = 160 MeV 0.29 ± 0.10

plab = 200 MeV 0.24 ± 0.06

plab = 245 MeV 0.28 ± 0.02

The systematic uncertainty on the resonant to non-resonant ratio 
for the in-flight reactions, prevents from extracting the modulus of 
the non-resonant transition amplitude in-flight.

The !π− momentum distributions (P nr/res
ar (p!π )) for the K−n 

non-resonant and resonant absorption at-rest, introduced in Sec-
tion 4.1, are given in Eq. (14) and Eq. (20) of Ref. [17], respectively. 
The modulus of the non-resonant K−n→ !π− transition ampli-
tude (| f nr

ar |) involved in P nr/res
ar (p!π ) is assumed to be constant. To 

obtain its value we calculate the ratio ( NR−ar
RES−ar ) between the mea-

sured number of !π− pairs produced in non-resonant (NR) and 
resonant (RES) K− absorptions in 4He at-rest (ar). This ratio is then 
equated to the ratio of the integrals of the corresponding momen-
tum distributions P nr/res

ar (p!π ), which leads to:

NR − ar
RES − ar

=
∫ pmax

0 Pnr
ar (p!π )dp!π∫ pmax

0 P res
ar (p!π )dp!π

=

= | f nr
ar |2 · 8.94 · 105 MeV2 . (6)

Once the constant | f nr
ar |2 is factorized in the numerator the ratio 

of the remaining integrals gives the numerical factor which results 
from the integrals presented in Ref. [17]. The ratio NR−ar

RES−ar deter-
mined by the experiment then yields:

| f nr
ar | = |AK −n→!π− | = (0.334 ± 0.018 stat+0.034

−0.058syst) fm . (7)

5. Discussion

In this work the direct !π− production events from low energy 
K−n captures in 4He were identified and the contributions from 
K−n absorptions at-rest and in-flight (pK ∼ 100 MeV) were disen-
tangled. The measured p!π , m!π and cos(θ!π ) spectra were fitted 
with calculated distributions expressed in terms of K−n→ !π−

transition amplitudes: the isospin I = 1 S-wave amplitude and 
the resonant I = 1 P-wave amplitude which is dominated by the 
$−(1385). The resonant amplitude is well known from direct ex-
periments and was used to extract the non-resonant |AK −n→!π− |
for atomic captures for the first time.

The |AK −n→!π− | extracted using this method describes the 
K−n → !π− transition at about 33 MeV below the K−n threshold, 
according to the energy shift obtained in Ref. [17]. Thus it allows 
an extrapolation to the un-physical region and should be used to 
test models of S-wave interaction. Such extrapolation is also of in-
terest in the studies of the !(1405) as it helps to determine the 
background I = 1 amplitude. One can compare the sub-threshold 
result with the corresponding values extracted from K−p → !π0

cross sections [38,39] shown in Table 2. The sub-threshold S-wave 
amplitude is compatible with the above threshold measurements 
and seems to remain rather constant over the considered energy 
range.

In Ref. [40] and Ref. [41] the real and imaginary parts of the 
non-resonant coupled channels K−n→ !π/$π scattering ampli-
tudes, calculated on the basis of several chiral SU(3) meson–baryon 
coupled channels interaction models (Prague (P) [42], Kyoto–
Munich (KM) [22], Murcia (M1, M2) [43] Bonn (B2, B4) [44]) are 

Fig. 4. (Color online.) Modulus of the measured non resonant K−n→ !π− transition 
amplitude compared with theoretical calculations, see details in the text.

shown. Since the K−n → $π non-resonant amplitude modulus 
was not measured, the comparison of the theoretical results with 
the present measurement requires the extraction of the theoreti-
cally predicted |AK −n→!π− | value (for the !π− final state) from 
the real and imaginary parts of the total K−n non-resonant absorp-
tion scattering amplitude modulus (|AK −n|) presented in Ref. [40]
and Ref. [41]. This was performed as follows:

• for each model the amplitude modulus |AK −n| is calculated 
in the energy region of 33 ± 6 MeV below the KN thresh-
old, according to the estimate described in Section 4.1. It is 
to be stressed that the value of the in-medium energy of 
the two body KN subsystem slightly differs, depending on 
the adopted prescription (see for example references [45–47]). 
Nevertheless, the comparison of the measured transition am-
plitude with the theoretical predictions is weakly dependent 
on the precise value of such energy shift, given that the mod-
els predictions are quite constant in the energy range (1390 
÷ 1432) MeV, except for M2. Moreover M2 is not compatible 
with the experimental value for all the theoretically predicted 
energy shifts.

• |AK −n→!π− | is extracted from the total amplitude modulus 
|AK −n| by calculating the ratios between the probabilities of 
the K−n→ !π− and K−n→ $−/0π0/− processes, which are 
allowed by the electric charge conservation. Such ratios are 
given by:

ProbK −n→!π−

ProbK −n→$−π0
= PhK −n→!π−

c1 PhK −n→$−π0
(8)

ProbK −n→!π−

ProbK −n→$0π−
= PhK −n→!π−

c2 PhK −n→$0π−
(9)

where we indicated with c1,2 the Clebsch–Gordan coefficients 
of the isospin I = 1 components of the $−/0π0/− states and 
with PhK −n→Yπ the phase space factor of the generic K−n→
Yπ process.

The obtained rescaled amplitudes are shown in Fig. 4, together 
with the result of this analysis, with combined statistical and sys-
tematic errors. For the KM and P models a theoretical uncertainty 
of 15% is quoted; for the other models the uncertainty is not avail-
able. The method described in this work gives the first experimen-
tal determination of the modulus of the non-resonant transition 
amplitude 

∣∣AK−n→!π−
∣∣ below threshold, consistent with the for-

malism presented in Ref. [17], with a precision comparable to that 
obtained from scattering experiments and, hence, can be used to 
test S-wave interaction models.

K. Piscicchia, et al., PLB782, 339 (2018)

Our amplitude (KM model) is compatible with these analyses

 scattering and  polesK̄N Λ(1405)



the transport code used in the simulation from GEANT3 [48]
to GEANT4 [49].
The effects related to momentum resolution effects are

accounted for by correcting the theoretical correlation
function, similarly to what shown in Refs. [33] and [41].
The theoretical correlation function Cðk"Þtheoretical depends
not only on the interaction between particles, but also on
the profile and the size of the particle emitting source.
Under the assumption that there is a common Gaussian
source for all particle pairs produced in pp collisions at a
fixed energy, the size of the source considered in the present
analysis is fixed from the baryon-baryon analyses described
in Refs. [33] and [41]. The impact of strongly decaying
resonances (mainly K" decaying into K and Δ decaying
into p) on the determination of the radius for Kp pairs was
studied using different Monte Carlo simulations [45,46]
and found to be 10%. This contribution was linearly added
to the systematic uncertainty associated with the radius.
The radii of the considered Gaussian sources are r0 ¼
1.13% 0.02þ0.17

−0.15 fm [33] for collisions at
ffiffiffi
s

p
¼ 5 and

7 TeV, and r0 ¼ 1.18% 0.01% 0.12 fm [41] for the
ffiffiffi
s

p
¼

13 TeV collisions.
The comparison of the measured Cðk"Þ for same-charge

Kp pairs with different models is shown in Fig. 1. Each
panel presents the results at different collision energy and
the comparison with two different scenarios. The blue band
represents the correlation function evaluated as described in
Eq. (1), assuming only the presence of the Coulomb
potential to evaluate the Cðk"Þtheoretical term. The red band
represents the correlation function assuming the strong
potential implemented in the Jülich model [50] in addition
to the Coulomb potential. The latter has been implemented

using the Gamow factor [51]. In the bottom panels, the
difference between data and model evaluated in the middle
of each k" interval, and divided by statistical error of data
for the three considered collision energies are shown. The
width of the bands represents the n-σ range associated to
the model variations. The reduced χ2 are also shown. This
comparison reveals that the Coulomb interaction is not able
to describe the data points, as expected, while the intro-
duction of a strong potential allows us to reproduce
consistently the data when the same source radius as for
baryon-baryon pairs is considered. Hence, the measured
correlation functions are sensitive to the strong interaction
and can be used to test different strong potentials for the
K−p system, assuming a common source for all the Kp
pairs produced in a collision.
Similar to Fig. 1 for like-sign pairs, Fig. 2 shows the

data-model comparison for unlike-sign pairs. The measured
Cðk"Þ is reported for the three different collision energies
and the Cðk"Þ distributions were compared with different
interaction models. Since all the models considered in this
Letter do not take the presence of Λð1520Þ into account,
only the region below 170 MeV=c is considered in the
comparison. The blue bands show results obtained using
CATS with a Coulomb potential only.
The remaining curves include, on top of the Coulomb

attraction, different descriptions of the K̄N strong inter-
action. The width of each band accounts for the uncer-
tainties in the λ parameters, the source radius and the
baseline. The light blue bands corresponds to the Kyoto
model calculations with approximate boundary conditions
on the K−p wave function which neglect the contributions
from Σπ and Λπ coupled channels [26,52–55]. Moreover,
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FIG. 2. (K−p ⊕ Kþp̄) correlation functions obtained (from left to right) from pp collisions at
ffiffiffi
s

p
¼ 5, 7, 13 TeV. The fourth panel

shows the combined results at the three colliding energies; the number of pairs in each data sample has been used as weight. The inset
shows the correlation function evaluated for pp collisions at

ffiffiffi
s

p
¼ 5 TeV in a wider k" interval. The measurement is presented by the

black markers; the vertical lines and the boxes represent the statistical and systematic uncertainties, respectively. Bottom panels
represent comparison with models as described in the text.
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New data :  correlation functionK−p

 total cross sectionsK−p

—> Important constraint on  theoriesΛ(1405)

- Old bubble chamber data

- Excellent precision (  cusp)K̄0n

Y. Ikeda et al. / Physics Letters B 706 (2011) 63–67 65

Fig. 2. Calculated K − p elastic, charge exchange and strangeness exchange cross sections as function of K − laboratory momentum, compared with experimental data [12].
The solid curves represent best fits of the full NLO calculations to the complete data base including threshold observables. The shaded uncertainty bands are explained in
the text.

with the K −p reduced mass, µr = mK M p/(mK + M p), and includ-
ing important second order corrections [6]. We use the accurate
SIDDHARTA measurements [10]:

!E = 283 ± 36(stat) ± 6(syst) eV,

Γ = 541 ± 89(stat) ± 22(syst) eV.

The available data base is completed by the collection of (less
accurate) scattering cross sections [12] (see Fig. 2). We do not in-
clude measured πΣ mass spectra in the fitting procedure itself but
rather generate them as “predictions” from our coupled-channels
calculations.

4. Results and discussion

Using the unitary coupled-channels method just described, the
basic aim of the present work is to establish a much improved
input set for chiral SU(3) dynamics, by systematic comparison
with a variety of empirical data and with special focus on the
new constraints provided by the recent kaonic hydrogen measure-
ments [10]. A detailed uncertainty analysis is performed. It will be

demonstrated that previous uncertainty measures [7,9] can be re-
duced considerably.

We have carried out χ2 fits to the empirical data set in several
consecutive steps: first starting with the leading order (TW) terms,
then adding direct and crossed Born terms, and finally using the
complete NLO effective Lagrangian. The results are summarized in
Table 1. All calculations have been performed using empirical me-
son and baryon masses. This implies in particular that those parts
of the NLO parameters b0,bD and bF responsible for shifting the
baryon octet masses from their chiral limit, M0, to their physi-
cal values, are already taken care of. The remaining renormalized
parameters, denoted by b̄0, b̄D and b̄F , are then expected to be
considerably smaller in magnitude than the ones usually quoted in
tree-level chiral perturbation theory. Similar renormalization argu-
ments imply that the pseudoscalar meson decay constants should
be chosen at or close to their physical values [13],

fπ = 92.4 MeV, f K = (1.19 ± 0.01) fπ ,

fη = (1.30 ± 0.05) fπ . (11)

It turns out that best fit results can indeed be achieved with these
physical decay constants as inputs. This is a non-trivial obser-

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011)

- Low-energy data below K̄0n

cross section
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Prediction from chiral SU(3) dynamics
Theoretical calculation of C(q)

- Wave function  : coupled-channel  potentialΨ(−)
q (r) K̄N-πΣ-πΛ

C(q) ≃ ∫ d3r S(r) |Ψ(−)
q (r) |2

- Source function  : estimated by  dataS(r) K+p

Correlation function is well reproduced

small and the correlation function is not very sensitive to
ωπ0Λ, the effects of πΣ channels are important because of
the strong K̄N − πΣ coupling. Then we fix ωπ0Λ ¼ 1 and
vary the parameter ωπΣ around the reference value,
obtained by the simplest statistical model estimate [34],
ωðstatÞ
πΣ ≃ exp½ðmK þmN −mπ −mΣÞ=Tc& ≃ 2.0 with Tc ¼

154 MeV [35,36]. As for the source size, the ALICE
collaboration fixed R ¼ 1.18 fm by assuming the same
source size as that of Kþp, which was obtained by the
femtoscopic correlation fit based on the Jülich Kþp
interaction [25], with Coulomb effects treated by the
Gamow factor correction. Although this correction
describes the Coulomb effect well for light systems such
as π − π, it lacks the necessary accuracy for heavier
systems [32]. Thus, we also consider the variation of R
in the fitting procedure. While the source size can in
principle be channel dependent, possible size differences
between channels can be compensated by varying the
source weights. We therefore use a common source size
in K̄N, πΣ, and πΛ channels. We also assume that the
source function has a Gaussian shape and the source weight
is isospin symmetric.
The measured correlation function is assumed to be

described in the form [20]

CfitðqÞ ¼ N ½1þ λfCðqÞ − 1g&; ð8Þ

whereN is a normalization constant and λ is the pair purity
parameter, known also as the chaoticity parameter. The pair
purity parameter is experimentally determined through a
Monte Carlo simulation, λexp ¼ 0.64' 0.06, so we allow
for variations of λ within 1σ. We fit the correlation function
data in the momentum range q < 120 MeV=c, where the
distortion of the s wave is considered to give the dominant
contribution.
In Fig. 2 the χ2=d:o:f: distribution is plotted in the

ðR;ωπΣÞ plane. A good fit (χ2=d:o:f:≲ 1) is achieved in the

region from ðR;ωπΣÞ ¼ ð0.6 fm; 0Þ to ð1.1 fm; 5.0Þ. The
source size R ≃ 1 fm is reasonable for pp collisions, while
ωπΣ should be consistent with the simple statistical model
estimate within a factor of 2 to 3. Thus, we consider
parameter sets in this region with 0.5 ≤ ωπΣ ≤ 5 as equally
acceptable. On the other hand, if we take the R ¼ 1.18 fm
as adopted by the ALICE Collaboration, ωπΣ ≳ 8 gives a
good fit, but such large ωπΣ values appear to be signifi-
cantly beyond the statistical model estimate.
Figure 3 shows the fitted K−p correlation function

with R ¼ 0.9 fm as an example of a result satisfying
χ2=d:o:f: < 1. The other parameters are chosen as

ωπΣ ¼ 2.95; N ¼ 1.13; λ ¼ 0.58; ð9Þ

to give the minimum value of χ2=d:o:f: ¼ 0.58. The
enhancement in the low-momentum range and the char-
acteristic cusp structure are evidently well reproduced.
Recalling the importance of the πΣ component in the K−p
correlation as shown in Fig. 1, the sizable value of ωπΣ
indicates that the contribution from the πΣ source is
essential to reproduce the data.
The peak structure seen in Fig. 3 around q ∼ 240 MeV=c

represents the Λð1520Þ resonance. The contribution from
this resonance can be simulated by a Breit-Wigner func-
tion:

CresðqÞ ¼
bΓ2

ðq2=2μK−p þmp þmK− − ERÞ2 þ Γ2=4
; ð10Þ

with parameters b, ER, and Γ. We can isolate the resonance
by subtracting CfitðqÞ from the correlation data, using the
parameters of Eq. (9) and R ¼ 0.9 fm. The remaining
structure in the interval 150 MeV=c < q < 300 MeV=c is

FIG. 2. Reduced χ2 distribution in the ðR;ωπΣÞ plane. From
inward out the contour lines correspond to χ2=d:o:f: ¼ 0.5, 1,
1.5, and 2, respectively.

FIG. 3. Correlation function with the best fit parameters (solid
line). The result including the Λð1520Þ contribution is shown by
the dotted line. The dashed line shows the prediction with
R ¼ 1.6 fm. Its shaded area shows the uncertainty with respect
to the variation of ωπΣ. For comparison, we also plot the
corresponding area for the case with R ¼ 0.9 fm. The ALICE
data set is taken from Ref. [20].

PHYSICAL REVIEW LETTERS 124, 132501 (2020)
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Y. Kamiya, T. Hyodo, K. Morita, A. Ohnishi, W. Weise. PRL124, 132501 (2020)

p

K−

cor.S(r) r

 scattering and  polesK̄N Λ(1405)



40

Part I : Introduction 

Part II : Structure of  resonanceΛ(1405)

Contents

Y. Kamiya, T. Hyodo, PRC93, 035203 (2016); PTEP2017, 023D02 (2017)
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- Compositeness of Λ(1405)

-  scattering and  polesK̄N Λ(1405)

- What are “exotic hadrons”?
- Hadronic molecules and universality
- Unstable resonances

Y. Ikeda, T. Hyodo, W. Weise, PLB 706, 63 (2011); NPA 881, 98 (2012)
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Structure of a given resonance (pole)?

Weak binding relation for stable bound states

Effective field theory —> description of low-
energy scattering amplitude, generalization to 
unstable resonances

Compositeness X “Elementariness” Z
other contributionsthreshold channel

Compositeness of hadrons

S. Weinberg, Phys. Rev. 137, B672 (1965)

observables (a0, B)

or

 ↑

Compositeness of Λ(1405)
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Compositeness  of s-wave weakly bound state X (R ≫ Rtyp)
S. Weinberg, Phys. Rev. 137, B672 (1965);
T. Hyodo, Int. J. Mod. Phys. A 28, 1330045 (2013)

Weak-binding relation for stable states

Problem: applicable only for stable states

|d⟩ = X |NN⟩ + 1 − X |others⟩

a0 = R { 2X
1 + X

+ 𝒪 ( Rtyp

R )}, R =
1
2μB

radius of statescattering length

range of interaction

- Deuteron is  composite : NN a0 ∼ R ⇒ X ∼ 1

- Internal structure from observable (a0, B)

 
continuum
NN

deuteron

Compositeness of Λ(1405)
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Low-energy scattering with near-threshold bound state

Effective field theory

D.B. Kaplan, Nucl. Phys. B494, 471 (1997)
E. Braaten, M. Kusunoki, D. Zhang, Annals Phys. 323, 1770 (2008)

- Nonrelativistic EFT with contact interaction

B0

 

�

g0 + B0

 

�

g0 +

 

�

 

�

v0

 �

B0

Hfree = ∫ dr [ 1
2M

∇ψ† ⋅ ∇ψ +
1

2m
∇ϕ† ⋅ ∇ϕ +

1
2M0

∇B†
0 ⋅ ∇B0 + ω0B†

0 B0]
Hint = ∫ dr [g0 (B†

0 ϕψ + ψ†ϕ†B0) + v0ψ†ϕ†ϕψ]

- Cutoff：  (interaction range of microscopic theory)Λ ∼ 1/Rtyp

- At low momentum , interaction ~ contactp ≪ Λ

Compositeness of Λ(1405)



44

Eigenstates

 : real and nonnegative —> interpreted as probabilityZ, X

“elementarity” compositeness

Compositeness and “elementariness”

free (discrete + continuum)
full (bound state)

Hfree |B0⟩ = ω0 |B0⟩, Hfree |p⟩ =
p2

2μ
|p⟩

(Hfree + Hint) |B⟩ = − B |B⟩

- Normalization of  + completeness relation|B⟩

⟨B |B⟩ = 1, 1 = |B0⟩⟨B0 | + ∫
dp

(2π)3
|p⟩⟨p |

- Projections onto free eigenstates
1 = Z + X, Z ≡ |⟨B0 |B⟩ |2 , X ≡ ∫

dp
(2π)3

|⟨p |B⟩ |2

Compositeness of Λ(1405)
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 scattering amplitude (exact result)ψϕ

Weak binding relation

 

�

 

�

= v0 +
⌫0

g0g0 + v0 +
⌫0

g0 g0

If , correction terms neglected: R ≫ Rtyp X ← (a0, B)

renormalization independent

renormalization dependent

f (E ) = −
μ
2π

1
[v(E )]−1 − G(E )

v(E ) = v0 +
g2

0

E − ω0
, G(E ) =

1
2π2 ∫

Λ

0
dp

p2

E − p2 /(2μ) + i0+

Compositeness X ← v(E), G(E)

X =
G′ (−B)

G′ (−B) − [1/v(−B)]′ 

 expansion of scattering length 1/R = 2μB a0

a0 = − f (E = 0) = R { 2X
1 + X

+ 𝒪 ( Rtyp

R )}

Compositeness of Λ(1405)
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Introduce decay channel

Inclusion of decay channel

vψ + vϕ = v
μ

μ′ 

 �

B0

 0�0

If , correction terms neglected: |R | ≫ (Rtyp, ℓ) X ← (a0, Eh)

a0 = R
2X

1 + X
+ 𝒪 (

Rtyp

R ) + 𝒪 ( ℓ
R

3

) , R =
1

−2μEh
, ℓ ≡

1
2μν

Generalized relation : correction from threshold difference

Y. Kamiya, T. Hyodo, PRC93, 035203 (2016); PTEP2017, 023D02 (2017)

H′ free = ∫ dr [ 1
2M′ 

∇ψ′ † ⋅ ∇ψ′ − νψ ψ′ †ψ′ +
1

2m′ 
∇ϕ′ † ⋅ ∇ϕ′ − νϕϕ′ †ϕ′ ]

H′ int = ∫ dr [g′ 0 (B†
0 ϕ′ ψ′ + ψ′ †ϕ′ †B0) + v′ 0ψ′ †ϕ′ †ϕ′ ψ′ + vt

0(ψ
†ϕ†ϕ′ ψ′ + ψ′ †ϕ′ †ϕψ)]

Quasi-bound state : complex eigenvalue

H |h⟩ = Eh |h⟩, Eh ∈ ℂ

H = Hfree + H′ free + Hint + H′ int

Compositeness of Λ(1405)
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Complex compositeness

- Probabilistic interpretation?

New definition

- Interpreted as probabilities
- reduces to  and  in the bound state limitZ X

Z̃ + X̃ = 1, Z̃, X̃ 2 [0, 1]

Z̃ =
1� |X|+ |Z|

2
, X̃ =

1� |Z|+ |X|
2

: uncertainty of interpretationU/2
U = |Z|+ |X|� 1

- Sensible interpretation only for small  caseU/2

c.f. T. Berggren, Phys. Lett. 33B, 547 (1970)

Unstable states —> complex  and Z X

Z +X = 1, Z,X 2 C
PTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Fig. 1. Geometric illustration of X̃ , Z̃ , and U defined in Eq. (82).

of the interpretation, we introduce the quantity U , which satisfies the following conditions:

Condition (3) When there is no cancelation in X + Z , then U = 0, X̃ = X , and Z̃ = Z ;
Condition (4) U increases as the cancelation in X + Z becomes large.

We define these three quantities as

X̃ ≡ 1 − |Z | + |X |
2

, Z̃ ≡ 1 − |X | + |Z |
2

, U ≡ |Z | + |X | − 1, (82)

which can be calculated from X and Z .3 From the triangle inequalities |X |+ |Z | ≥ 1, |X |+ 1 ≥ |Z |,
and |Z | + 1 ≥ |X |, we can verify that the quantities X̃ , Z̃ , and U satisfy the four conditions. A
geometric illustration of the definition of these quantities is given in Fig. 1. The relation X + Z = 1
can be expressed in the complex plane as (Re X , Im X ) + (Re Z , Im Z) = (1, 0). In this figure, we
can regard U as the difference between |X | and 1 − |Z | on the real axis. The quantity X̃ = 1 − Z̃ is
defined by taking the middle point of (|X |, 0) and (1− |Z |, 0). From this observation, it is reasonable
to consider ±U/2 as the uncertainty of the probability X̃ . We emphasize that this uncertainty comes
from the complex nature of the expectation values of the unstable particle. We thus call U/2 the
uncertainty of the interpretation. We show these quantities for the examples of X in Table 1. For
case (I), U is small enough to regard the value of X̃ = 0.8 as a probability, which implies the
structure is dominated by the composite state. For the other cases, U/2 is larger than 1/2 and the
large uncertainty prevents us from employing the probabilistic interpretation. In this way, we can
quantitatively discuss the structure of the unstable states by this interpretation with X̃ and U .

We note that Eq. (82) is not the only definition to satisfy the above four conditions. For example,
another definition is proposed in Ref. [32].4 As shown in Ref. [32], the difference between the
definitions should be small when U is small. When U is small the other interpretations of the complex
compositeness, |X | and Re X , also give a similar result to X̃ . In fact, the differences between these
expressions reduce to

∣∣∣|X | − X̃
∣∣∣ = U

2
, (83)

3 In Ref. [31], the probability of an uncertain identification of the state cn is defined with complex overlap
of the wave function pn. We define U motivated by this prescription.

4 A nice feature of the definition in Ref. [32] is that it is generalizable to a system with multiple scattering
channels. We note, however, that the only quantity we can model-independently determine is the compositeness
of the nearest channel to the pole. Thus the present formulation is sufficient to interpret the model-independently
determined compositeness.
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Evaluation of compositeness

:  composite dominance <— observablesΛ(1405) K̄N

Generalized weak-binding relation

 determinations by several groups(a0, Eh)

PTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Table 2. Properties and results for the higher-energy pole of !(1405) quoted from Ref. [7]: shown are the
eigenenergy Eh, the K̄N (I = 0) scattering length a0, the K̄N compositeness XK̄N and X̃K̄N , and the uncertainty
of the interpretation U .

Eh [MeV] a0 [fm] XK̄N X̃K̄N U/2

Set 1 [35] −10 − i26 1.39 − i0.85 1.2 + i0.1 1.0 0.3
Set 2 [36] − 4 − i 8 1.81 − i0.92 0.6 + i0.1 0.6 0.0
Set 3 [37] −13 − i20 1.30 − i0.85 0.9 − i0.2 0.9 0.1
Set 4 [38] 2 − i10 1.21 − i1.47 0.6 + i0.0 0.6 0.0
Set 5 [38] − 3 − i12 1.52 − i1.85 1.0 + i0.5 0.8 0.3

the K̄N threshold energy, we can study the K̄N compositeness of !(1405) with the generalized
weak-binding relation for quasibound states. To evaluate the compositeness using the weak-binding
relation, we need the I = 0 scattering length of the K̄N channel and the eigenenergy of !(1405).
These quantities can be obtained by detailed fitting analysis of the experimental data in the K̄N
threshold energy region. The most systematic analysis in the previous studies is performed by chiral
SU(3) dynamics [34–38]. In these studies, !(1405) is described by two resonance poles of the
scattering amplitude in the complex energy plane. We consider the K̄N compositeness of the state
represented by the pole at higher energy because this can be regarded as the weakly bound state.7

In Table 2, we show the sets of the scattering length a0 and the eigenenergy of the higher pole state
Eh, based on Refs. [34–38].8 Because of the isospin symmetry breaking, the threshold energies and
the reduced masses of the K̄0n channel and the K−p channel are slightly different. We define the
scattering length for the isospin I = 0 channel as a0 = (f0,K−p(E = 0) + f0,K̄0n(E = 0))/2, where
f0,K−p and f0,K̄0n are the scattering amplitudes of K−p → K−p and K̄0n → K̄0n, respectively,
and the threshold energy E = 0 is specified below for each set. The scattering length of set 1 is
calculated from the NLO amplitude of Refs. [34,35] by using the isospin-averaged hadron masses
at the isospin-averaged K̄N threshold energy. Therefore we use the isospin-averaged mass of K̄ and
N to determine the threshold energy and the reduced mass. Set 3 is based on Fit II of Ref. [37] with
the same isospin-averaging procedure. In the other analyses, the scattering length is calculated at the
K−p threshold energy, so we use the threshold energy and reduced mass of the K−p channel. Sets 2,
4, and 5 are based on Ref. [36], solution #2 of Ref. [38], and solution #4 of Ref. [38], respectively. In
Table 2, the scattering length a0 and the eigenenergy Eh do not converge quantitatively even though
the available data is reproduced at the level of χ2/d.o.f ∼ 1 in all the analyses. We therefore employ
the results of all the analyses to estimate the systematic error.

We first estimate the magnitude of the higher-order terms in the weak-binding relation. Using the
eigenenergies in Table 2, we find that the value of R satisfies |R| ! 1.5 fm. The typical range scale
of the hadron interaction can be estimated from the meson exchange mechanism. The longest range
hadronic interaction is mediated by the lightest meson π , which cannot be exchanged between K̄ and
N because the three-point vertex of the pseudoscalar mesons is prohibited by parity conservation.
We therefore estimate the typical range scale of the K̄N interaction from the ρ meson exchange
interaction to obtain Rtyp = 1/mρ ∼ 0.25 fm.9 To estimate the length scale l = 1/

√
2µω, we use

7 We do not consider the compositeness of the state associated with the lower-energy pole, because the
weak-binding relation is derived for the closest pole to the threshold.

8 We thank Jose Antonio Oller and Maxim Mai for correspondences.
9 We do not use the σ exchange to estimate the interaction range because the σ meson has the broad width [1].
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Uncertainty estimation

 composite dominance holds even with correction terms.K̄N

Estimation of correction terms: |R | ∼ 2 fm

-  meson exchange picture:  ρ Rtyp ∼ 0.25 fm
- Energy difference from :  πΣ ℓ ∼ 1.08 fmPTEP 2017, 023D02 Y. Kamiya and T. Hyodo

Fig. 9. The results of error evaluation of the compositeness X̃K̄N of !(1405). The lines denote the central
values and the shaded areas indicate the uncertainty bands.

Fig. 10. I = 0 scattering amplitudes in the K̄N → K̄N (right panel) and π# → π# (left panel) channels
based on Ref. [35] with the isospin-averaged hadron masses. The solid line denotes the real part and the dashed
line denotes the imaginary part.

the π# amplitude has a CDD pole at this energy.10 Thus the ERE description of the π# amplitude
around its threshold will not reach the K̄N threshold because of the CDD pole. The existence of
the CDD pole near the resonance pole in the π# amplitude may be an indication of the non-π#
dominance of !(1405).

In Refs. [20,21,39,40], the compositeness of !(1405) is also calculated in various models by
evaluating the expression in Eq. (89) at the pole position. The results are summarized in Table 4.
In Refs. [39] and [20], the scattering amplitude is calculated from the chiral unitary approach of
Refs. [3] and [35], respectively. In the analysis of Ref. [40], the SU(6) model in Ref. [41] is used.
In Ref. [21], the scattering amplitude based on the unitary chiral perturbation theory in Ref. [37] is
used. We summarize the results in Table 4, specifying the prescription to interpret the compositeness.
We see that these studies give a consistent result for K̄N dominance over the other components. This
is also in good agreement with our model-independent results by the weak-binding relation.

In these studies, Refs. [20] and [21] use the scattering amplitude in Refs. [35] and [37], respectively.
Although Ref. [21] uses a different prescription |X | to determine the compositeness, small U = 0.1 in
set 3 indicates the difference between the prescriptions should be small, as we discussed in Sect. 3.5.

10 In the coupled-channel scattering, each component can have a CDD pole individually. This is in contrast to
the pole of the amplitude representing the eigenstate, which is determined by det F−1 = 0 and the divergence
appears in all the components of Fij.
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Pole structure of the  region is now well 
constrained by the experimental data.        
“ ” —>  and 

Compositeness of hadrons can be studied by 
observables through the weak-binding relation. 
Generalized weak-binding relation shows that 
(higher-energy)  is dominated by  
molecular component.
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