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Classification of Fermi superfluid
even-frequency superfluidity time¢ F(t1,t2) = +F(to,tq)

/Cooper pair F(-w) = +F(w)

+—— Fermi particle

It Is possible to form a pair with the particles at the same time.

odd-frequency superfluidity F(ti,t2) = —F(ta,t1)
t {
v F(—w) = —F(w)
Se (\
p
A pair with particles A pair with particles at different

at the same time is prohibited. times only exists.



Ex. of Odd-frequency Ferml superfluid
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Motivation

even-frequency case

BCS-BEC crossover
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Molecular formation by Fermi particles at different times

Can Cooper pairs formed by two Fermi particles at different times be regarded as boson?

even-frequency superfluidity odd-frequency superfluidity
“Molecules” formed by particles at the same time “Molecules” formed by particles at different times
{
[

A T

molecule ? ﬂ

b
molecule ? a I
When you take a snapshot... When you take a snapshot...
There is two fermions in the picture. Only one fermion is shown.

—boson —boson?



Motivation

even-frequency case

BCS-BEC crossover
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odd-frequency case

It Is not obvious
whether the BCS-BEC crossover occurs.



Goal

We construct a strong-coupling theory for odd-frequency superfluidity
and investigate

® superfluid phase transition temperature 1

® Cooper pair wave-function F(r, t)

to clarify

“BCS-BEC crossover can occur and the molecule formed by two fermions
at different times can be viewed as a boson?”
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1. : superfluid phase transition temperature
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Model

Action (1 component Fermi Gas) S = S, + S,
2

SO — Z &p,wn(_iwn + gp)wp,wn ‘fp _ P L4

p,wn 2m

1 _ _
S]- — % : : Vplawn17p27w’n2 wp2+%7wn2 +Vnw_p2+%7_wn2 w_pl_l_%a_wnl wpl_'_%awnl _l_V'n

P1,Wnq,P2,Wny,q,Vn

Strongly retarded attractive interaction (depending on frequency)

Vb1 ,wny p2.wny = ~UYwn, Yoo, Assumed frequency dependence: separable form

Wn
Twn = N Odd in @, = odd-frequency superfluidity
1 1
U : strength of the contact interaction — = — d.:S-wave
U Aa, 2€, S .
P<Pmax scattering length
Small U Large

Weak Coupling (BCS) <> Strong Coupling (BEC)

~0o  (kpa)! 4o



Strong-coupling theory
Z = / DYDye S0V g 7 = / DDy / DADAe SW0:88) g 7 = / DADAe™ e (8 2)

Hubbard-Stratonovich Trans. Integral out
A(w) at T = 0 : BCS-Leggett theory  1.: NSR theory
Z is replaced by saddle point value: 7 = /D/‘\D/\e—seff@,A)

4 = /DADAe_Seff(A’A)_> T~ o Seti (B, A)
- - Aq — AMF _l_ nq

Free energy 7 ~ Zyie X Zns
1 —

Omp = 3 In Zyr saddle point fluctuation
Gap equation LMEF 6_Seff(A’A) 4NSR = /DﬁDne_% 2.q Mal'q Mg

OOmr ) Gap equation

OA OOvr (A) B
A1\/IF ON = 1
Particle num.eq. — A=0 S
Particle num. eq.
O IE

N = B
O K N'= Nwr + VNsR f1ctuation f
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® Results
I : superfluid phase transition temperature

' T(r, t) : pair wave function (anomalous Green’s function)



Superfluid phase transition temperature T,
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Superfluid phase transition temperature T,
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BEC transition temperature of N/2
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Molecular formation by Fermi particles at different times

Can Cooper pairs formed by two Fermi particles at different times be regarded as boson?
Yes

even-frequency superfluidity odd-frequency superfluidity
“Molecules” formed by particles at the same time “Molecules” formed by particles at different times
/ t
t T
S A molecule 7 ﬂ
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molecule ? a I
When you take a snapshot... When you take a snapshot...
There is two fermions in the picture. Only one fermion is shown.

—boson —boson?



Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.

E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0

7EGF =0 (kFGJS)_l = (0
=~ 0.08 P2 FS (r,t)*

F(r,t) odd function of f
F(r,t=0)=0




Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.
E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
0.1
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.

E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.
E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
0.1
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.

E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.

E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0

0.1 | t s L
°F (kFa’s) = 2
0 PIFS ()l
~—
1_\ 0.06f | eee-e- f,azuj’(')I‘(T7 t)‘Q |
=
- 0.04¢
Fc;r(ﬁ t) is odd function of ¢ NE
FO (Ta t = O) =0
’ 0

PrT



Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.
E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
0.1
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.

E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.
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Cooper pair wave-function

Anomalous Green’s function T : Time ordering operator

T .
EF=(r,t) = —i(T(r, £)¥(0,0)) y : Fermion annihilation operator
can be viewed as the wave function of particle 1 seen from particle 2 in a Cooper pair.

E(r,t) : even-frequency F.'(r,t) : odd-frequency wy =0
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F'(r,t) - Cooper pair wave-function

Fo(rt)] # [Fo (r,t)]

in the weak-coupling region

F_. . (r,1): spatially spreads A |
” pod ' I Fe (r,t)| = |Fo (r, 1)

in the strong coupling region




Conclusion

Cooper pairs formed by two Fermi particles at different times can be regarded as boson.

even-frequency superfluidity odd-frequency superfluidity
“Molecules” formed by particles at the same time “Molecules” formed by particles at different times
t
[

% Y

When you take a snapshot... Two Fermi particles in the same position
There is one molecule in the picture. with a slight time difference

—PbOoSson —pboson



Summary

We construct a strong-coupling theory
for odd-frequencysuperfluidity.

o1 . : superfluid phase transition temperature

I'. can be understood as a
“BEC temperature of tightly bound molecular boson”
In the strong-coupling region.

2 F(r,t) : anomalous Green's function
which is related to the Cooper pair wave function.

F'(r, t) in the odd-frequency case coincides with
that in the even-frequency case in the strong coupling limit

when ¢ % 0.
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