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* S. Ohkubo and D. M. Brink Phys. Rev. 36, 966 (1987)
Internal and barrier wave interpretation of the oscillations of the fusion excitation functions

e S. Ohkubo and D. M. Brink Phys. Rev. 36, 1375 (1987)

* Origin of the oscillations in the 12C+12C excitation function in terma of internal and; barrier
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What 1s a cluster?

1988 5% Cluster conference, Kyoto

H. special session What is a cluster?
WEPIDFILEENEFHET HALLVEL?

BEBA A. Arima  [Shell model £5524—%HHHEETEE
8Be]

R. R. Betts JEBFEEZ (21 a group of the same or
similar elements gathered or occurring closely together]
- What is not a cluster?

MHE;E3E K. Ikeda [spatially localized subsystem
composed of strongly correlated nucleons |.
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New picture of alpha clusters

* Geometrical configuration with superfluidity
— — > supersolidity

 Duality fIFMEEREINE gemetrical structure &
condndensate

* SSB (Spontaneous symmetry breaking) of

rotational invariance due to geometrical
configuration and

Global phase symmetry in gauge space
2023Feb7 A3 —FEE SR =
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organization of this talk

1. Introduction

2. Duality of Brink alpha cluster model:
crystallinity and condensation

3. Alpha cluster model with order parameter based on
effective field theory

4. Result: Supersolidity of alpha cluster structure

5. Summary
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Introduction: purpose

A supersolid is a solid that exhibits the property of
superfluidity.

o a cluster structure has the simultaneous properties Of
crystallinity and superfluidity. That 1s,

the a cluster structure is a stable supersolid
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I1. Duality of Brink alpha cluster model:
crystallinity and condensation
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II. THE DUALITY OF THE o CLUSTER R R3
STRUCTURE: CRYSTALLINITY AND

CONDENSATION a -
R,V R, 1
Brink wave function Be 0 R,
1
q)fQ'(Rlﬂ - Ry = det[os(T1 — R1)X7 0] - G0s(Tan — Rp) X1 000 (1)

V (4n)!

where R; is a parameter that specifies the center of the i-th o cluster

e R = () e [[ TSR] 2)
OB (Ry,--- ,Ry) = o {H exp {—Q(Xi ;21?4-)9 } cb(ozf;)w | (3)

generator coordinate wave function WG¢M based on the geometrical configuration of the
Brink wave function is given by

no no

Uy = / @Ry °Rof(Ry, -, Ru)®pa(Ry, -+, Rn). (4)

2023Feb7 5 A3 —FEE8EIM R = 9
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cluster Structurelof 5Be 1 R
R —Rs+-R, Ry—Ry—-R. V ;
| G+ 5 £ 2 ¢ 5 R\/ R, (5)

‘Be

We take Ro=0 to remove the spurious center-of-mass motion and use the notation ®Z (R)
for (I)QBQ(%R, —%R). Thus Eq. (4) is written as

o o~ o= _
f(R) = / dpzm/ d,uy/ du. exp [—(;L$R$2 + ,uyRyQ + ,ULZRZQ)] g(p), (7) (6)
0 0 0

where g = (fiy, fty, ft-). Then Eq.(6) reads

\Ifgac‘“f = /dgug(u) [/ &’ R exp {—([L33R332 + uyRyQ + ,(LZRZQ)} @;’?Q(R) ) (8)
I_I/

@gwmz/me»me+w%2

+H’ZR32) (I)goz(R) (9)
Nonlocaalized 2 X2 X2 x2 | |
Clustere x [1:[1 P {2 ( B2 B2 T B ) } U(ﬂf)] f (10)

vherdMod el 10



Coherent
wave picture

Crystallinity
picture

Represented well by a single wave function

Duality 5(R). obCM (p)

The above discussion for the simplest two o cluster
system can be generalized to the n-a cluster system. The
Laplace transformation relation is generalized to

f(Ry,--- Ry,) = / dpexp [_ Z(“mRi‘? + lLyR?y
0 i=1
+;LZR;%Z>]gm>. (12)

11
2023/2/11 2023Feb7 5 A 2—[& [E 8B ZTXRCNP



T

(I)PCA-I(“) — / d3R1 T dBRn exp l— Z(HmR?x

no
=1

+ N?;R?«n + ﬁLzR;{)-‘ (I);Bn, (R1 N R-n)-. (13) .
Nonlocaalized
- Xz,zr X?y X?z

Clustere
Model

Coherent
wave picture

Crystallinity

picture 1

Thus from Eq.(4) and Eq.(15) it is found generaiy
hat the n-a cluster wave function in the geometrical
luster model picture has the property of condensation.
['his shows generally that the GCM n-a cluster wave
unction has the duality of crystallinity and condensation

ndependent of the Hamiltonian used.
2023/2/11 2023FebV 5 A2 —REE8EI T ZRCNP o-0-0 S{oy -&-




III. Alpha cluster model with order
parameter based on effective field
theory

PHYSICAL REVIEW C 94, 014314 (2016)
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Traditional cluster models for 2C
without order parameter

1. GCM :Uegaki et al
[ ] @
2. RGM: Kamimura et al Particle plcture
3. OCM: Kurokawa et al No concept of Vacuum
4. Boson model: Matsumura et al
5. Local potential model :Buck et al

6. Effective field theory :

2023FebV S A3 —fEEB BRI K= 14
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Uegaki et al ‘| 9 77

I2C gas-like alpha-cluster states “new phase”

1977 Uegaki 3 alpha cluster model

GCM
C (PTP 57,1262(1977)

Pointed out for the first time
the existence of 3 alpha gas
state

‘Energy level 12

Uegaki et al

gas state of « particles

PTP 57.1262(1977)

Tohsaki et al o condensate

No order parameter

(8 () SN () IS (S
CAL. (+pority)  EXP.  CAL. (-pority) condensate PRL 87.

192501(2001) 15




pmp Prog. Theor. Exp. Phys. 2020, 041 D01 (10 pages)
DOI: 10.1093/ptep/ptaa043

Letter

Supersolidity of the « cluster structure in the
nucleus >C

S. Ohkubo!*, 1. Takahashi?, and Y. Yamanaka?

alpha field and the model

T Lge . B
H= [dx |P.z) ]| - Voi—u+Vglx) | Yala)

2m

1 . 2
+a /fdﬂmdf*:f’ S @@V (& — 2 a(@)balz) 120

I'(?‘-) - I—_\'ud(?,'} a I-C‘n:efamb(r)
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The Heisenberg equation

(I') 2 I 3 ’ f I y
i va(z) = (_ ;v? < Vi) ) Val(z) + /d%’uw'ﬂ'{ z — '|)¥a(2')¥a()
canonical commutation relation for r=¢’
Yal,t), ¥i(a't)] = 6(x — )

For stationary system ( independent of 7)

Y fz) = .[‘f:[‘} T Tﬂ-::u{'r:]

e

Here () condensate

va(Z) operator for excitation field

val@,t), ph(x' t)] = d(x — ')

Goldstone theorem (Ward Takahashi identity) is respe¢ted.



From the condition Hy =0 <@,>=0

the Gross-Pitaevski equation 1s derived as follows:

FE’
(——‘C’ + Vel 1]-:—/0?3’ () V(-2 1) (@) = us(x)
2m

If we take the unperturbed Hamiltonian H,=H, in the interaction
picture, the equation of motion for the field operator 1s given n
the matrix form as follows:

_d * L
i ®a(2) = (Ta)(x)
where o,
0= (102)

(To)(x) = / dy T(z, y)®a(y)

18



2x2 matrix 1s given by

R . i s i |
Til(z,y) = {—?—T"*—p——hm[aﬂ+/d3f )PV (e —a ]}u[::-:—y}
Tt

+&(y)Vile -y )s(x)
Tz, y)=V(|lz —y|)é(x)E(y)
Tz, y)=-E"(2)E" (y)V(|2 — y|)
h? 2 .
{—_2 v RN i;ﬂu}—]d%’ £x)]" V(e — 2 ]}air—y}
i

=& (x)V{x -yl )Ey)

ng[i‘.y] = — A

To solve the equation we expand the field operator in the complete set

"Pn(m) — Dn (t)wy ()

n " " "
The complete set wave functions safisfy the following
completeness condition

S wal@)wa(a') = 6(x — ')

19



From the canonical commutation relations

[an(t), a',(t)] = Spn

The eigenvalue equation of Bogoliubov-de-Gennes 1s given by

(TY.)(z) =enYul(z), Vo= (H)

vﬂ,
From the symmetry property of the eigenvalue equation,
the following fufiction

Eﬂ (:.Tr) — J1 -};(:ﬂ) c,: Pauli matrix

i1s also an eigenfunction with  —&,

For the zero mode with & y = 0

we can define the function Y (x)

(TYo) () =IY_i(x) ( I= constant)

20



The completeness condition 1s given by

Yo(@)V (@) + Ya(2)Vg (@) + ) {Va@)V (@) - Zu(2)Z}(2") } = o3(x — ) |
n=0

By using the complete set {Yp, Y_1. VY, 2.}
the wave function < o.(z)
. (I)a(w) = (339( ))

1s expanded as follows: ol (z)
{

P (z) = —1q(t)Yo(z) + p(t) Y- (x "‘Z{E’ ) V() + bh (¢ ‘Izrm}

tor n=0 we used ¢g(?) and p(7) instead of b, and b,*

From the canonical commutation relation for La ( ;1‘:)

the operators {g(t). P(t), ba(t), b,(t)} satisfy

Q(t) p(t] =1, [bn[t) bj—y(ﬁ] =5 61111’

21



By putting <¢_(x) into the Hamiltonian.

we obtain the diagonalized Hamultonian 4, as follows:

I .
Hy = —pl(t] -+ Z .-:-ﬂbl[t}b“ Goldstone theorem 1s respected

e n=0
The vacuum for the operator b,, 1s deﬁn% b, 0)=0

. \ o 1ON \ \ Bogoliubov-de-
|U = |W >0 ‘Ub '11"‘@.] - .Ilq|11! Genne mode

Now the non-perwrpauve 1e1a operator, tne vacuum, non-
perturbative hamiltonian and the interaction potential hamiltonian
are given.
NG mode sector 1s modified to include higher
power terms of NG quantum coordinate p, Q

2023/2/11 2023FebV T A 2A—[EE8EIM TS 99
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Zero mode equation (NB mode)

QP _.
ll:iu \‘IJV>:EV\‘{’> V: (n,€,m)

Modes due to SSB

2023/2/11 2023Feb7 o R 23— ESRIME S
RCNP
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o, —o. nuclear 1nteraction

Ali-Bodmer potential : determined from a—o scattering to fit the s-wave phase shift fit potential
I
V™M) =V exp[—,°r*1+V, exp[—u,°r’]
V =500MeV, . =0.7fm™ ,V, =-130MeV, u, =0.474 fm™
(610 MeV for 1°C and 591 MeV for 4°Ca)

"0 —0. Coulomb Interaction:
yCoul(y = (4€?/r)erf(+/3r/2b)

a—a. folding potential size parameter of the « particle b 1s 1.44 fm

"Number of a clusters: N, I
[ ke = No.

" External field potential: harmonic oscillator

2.2
Ve}{ (F) — H’IQ r /2 (4.093 MeV for 12C and 2.97 MeV for “°Ca)

() ;. parameter

2023FebV S A3 —fEEB BRI K= 24
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THSR, Nolocalized

Cluster Model (NCM):
No order parameter

(a) ®) s (d)

Geometrical picture

eﬂs W Supersolid picture with
Duality
/ o - .

0sarbit  Dsorbit

crystallinity & coherent
wave

Superfluid cluster

Model (SCM) :

with order parameter

Fig. 1. Illustrative pictures of the o cluster structure in '*C. (a) Geometrical crystalline picture of the three
a clusters. (b) Nonlocalized cluster picture of the three « clusters in the same Os orbit of the potential.
(¢) Superfluid cluster model picture of the « clusters trapped in the potential with the associated coherent
wave (broad curve). (d) Supersolid picture of the crystalline « clusters trapped in the distinct (due to the Pauli
principle) Os orbit of each potential associated with the coherent wave (broad curve).
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IV. Result
Supersolidity of alpha cluster structure

2023Feb7 5 A3 —FEE8EIM R = 26
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Results and comparison with other models
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Density distributions of the ground state

(12C)
(a) (b)
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BdG Wave function (72C)

05

)

"If"]

ave function (fm="

BdG w
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Qo

SO Phys. Rev. 106, 034324 (2022)

o
00000 OO
90 36Ar Os orbit N
va
crystal lininity superfluid condensate

S0Ar + o model
Sakuda and Ohkubo, PTP Suppl. 132, 103 (1998)
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Results and comparison with other model

104 MsV
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Particle Superfluid

31
20211 picture picture



0.06

(1) . (1) (fm ™)

&

=
=
o

0.00

2023/2/11

0.04 ¢

2

4
r (fm)

e — [
o o [ |
p— < -

density distribution

[om—y
<
[

<

[ (b)

2023FebV T A 2—[EE8EIMTE

RCNP

32



wave function
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NG mode wave fun
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ff X
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08
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q q
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Summary

1. Duality of alpha cluster structure: crystallinity and
condensation: supersolidity

2. Superfluid alpha cluster model (SCM) with order
parameter treating Nambu-Goldstone mode rigorously 1s
presented and applied to '“C and *°Ca :

I2C, 49Ca :alpha cluster structure is understood by the
superfluid cluster model

3. The emergence of the mysterious 0™ state 1s understood to
be a manifestation of Nambu-Goldstone mode

Ohkubo Phys. Rev. 106, 034324 (2022) .,

2023FebT5R5 HESEFEZ Ohkubo et al PTEP 041d01 (2021)
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