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Background Exotic hadron

. E
Exotic hadrons > T..,X(3872), ,(980),ay, P., Z, R /
Scattering length T :
| | ca ermg_ engths a
nternal structure <:|> and effective range r Momentum k(E)

For near-threshold exotic hadrons,
channel couplings are important.

2
Momentum p(E)

Unstable exotic hadron near the threshold of channel 1

jl> Flatté amplitude has been used|[1].

Scattering lengths ap and effective range rr have been
determined by the Flatté amplitude[2].

a and r in more general framework?

[1] R. Aaij et al. [LHCb], Phys. Rev. D 102, no.9, 092005 (2020)
[2] V. Baru et al., Eur. Phys. J. A, 23, 523-533 (2005)



Flatté amplitude

The Flatté amplitude The Flatté parameters
F 9t 9192 di, g, - Real coupling constants
f7 =h(E) 2
9192 92 Egy : Bare energy

The Flatte amplitude has the threshold effect.

1 1
h(E) = —=
2 2E — Epw +1g5p(E)/2 + igi k(E)/2

&, £ can be written as the effective range expansion in k.

ap : Scattering lengths

—1
1 1
fi [y <__ + - rpk?® — ik + 0(k4)>

arp 2 re : Effective range



ar and rp E
We consider the region near the threshold 1(region T and 1II).
1—1 scattering does not occur in region 1II.

2—2 scattering occurs in both region Il and III. 1(E =0) ——

ap, 1r are determined from £,

> (ex. [31[1] for X(3872)).

g_g
g
fi2 = oF 42 5 : Py
—5r-is3 ) ( + 522 )kz ik + O (k*
( g2 @) \mgZ " “2pog? e
_ 91 _ 4 . g%
A = — 5 e = — > + 1 >
2Epw — 195D Mggi  Podi
Scattering length Effective range

[3] A. Esposito et al., Phys. Rev. D 105 (2022),
[1] R. Aaij et al. [LHCb], Phys. Rev. D102, no.9, 092005 (2020)
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EFT amplitude

As more general framework, we consider the effective field theory(EFT).

Nonrelativistic

The effective field theory(EFT)  Contact interaction
Two channels

The scattering amplitude derived from EFT[4]

1 1
-1 <— + ip(E)) —
]cEFT(E) — {% . (i 4 ip(E)) (L n lk(E))} az» . ) a2
as, a22 a1 1 (_ N ik(E))

12 a11
ai1,Q15, 05, . 1hree EFT parameters
fEFT satisfies the optical theorem with channel couplings.

4] T.D. Cohen et al., Phys. Lett. B 588 (2004)



fE*Tcomponents

Effective range expansion for fEFT

EFT _

11 '
1 1N\ a kz + 0(k*) — ik
ai, ajq a ?
azs * lpoalz . ( . lpoalz) Po

22
_ 1 _ TEFT
AEFT 2
EFT can be written as the effective range expansion in k.
(52)
25 = -
2 2 2
<1 - 2a12 _ipo_62112>_<a11+i wt >k2 ik + 0(k3)
a1 a11a22 a11 2p0a11

EFT cannot be written as the effective range expansion in k.

The correct scattering length and effective range must be defined by f4;.



Analytic comparison

We discuss the validity of ap and rr determined in £, in Flatté amplitude

agrr and rgpr in EFT amplitude

2 . . 2
_agia12(1 +ipgaz;) L az2
AgrT =

, Terpr = — :
at, (1 +ipoasy) — 114, Po la12(1 + ipgay,)

arp and rr in Flatte amplitude with EFT parameters a4, a5, ay,

2 2

_ a11d12 - — _2g i a2
=— : F = —4Qq1 — >
ai, (1 + ipgazy) — aq1a;; Poai1

ar

ar and rp are analytically different from azpr and rggy.




Flatté parameters

Black lines represent the cross sections by the mock data.

f* (91, 9%, Esw) [f> fF(R,a) (near the threshold)[2]

0 005 04 015 02 02F

2Egy, k [GeV]
df (R, E>O0 a = , 30 . . .
11( ) ( ) (1) g%po o
O'{Z(R, CZ) (E > 0) (2) , c\% 20L
F . R = 91 O, 15¢
HRa  (E<0) (3) (c=ilkl) =2 PRI
The parameters(R, a) are determined by slopes g_ (2) \‘ o
of cross section (2), (3) [2] 0O 005 01 015 0.2 0.2¢
k[G
[ > Calculated of;, does not reproduce the mock data. 30¢ e
25
The cross section ¢f is written by only two parameters. % fg
o7, and a5, cannot be described simultaneously. & 12: (3)
0

0 005 01 015 02 0.2F
[2] V. Baru et al., Eur. Phys. J. A, 23, 523-533 (2005) « [GeV]



EFT parameters

The EFT cross section o&fT is written by three
parameters(ayq, a;o, ay,) Near the threshold.

o1t (a11, 12, A22) (E > 0) (1)
O'ZEZFT(all, alz,azz) (E > 0) (2)

UzEzFT(an; d12,d22 ) (E<0) (3> (k = ilkl)

The parameters(ayq, a5, ay,) are determined
by slopes of cross section (1), (2), (3).

The cross section offT is written by three parameters.

aifT and %57 can be described simultaneously.
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Summary 10

« We compare ag, rr With agpr, rgppr analytically.

> ar and ry are different from agpr and rgpr analytically.

« We determine the parameters from slopes of the cross section.

Flatté :The cross section ¢F is written by only two parameters.
i:> o{; and a5, cannot be described simultaneously.

EFT :The cross section oFfT is written by three parameters.
ofi’T and oZfT can be described simultaneously.

We must use the scattering amplitude derived from EFT satisfying
the optical theorem, for analysis of the experimental data.



Pole position

Using parameters Ref.[6]

Flatté pole potision

kY = —98.7 — 98.7i [MeV]

kP = —139 — 54.7i [MeV]

EFT pole potision

k" = —161 — 76.2i [MeV]
k") = —170 — 81.4i [MeV]

p

6] R.R. Akhametshin et al., Phys. Lett B 462,

KEFTUUWY) — 174 — 775 [MeV]
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Determination of Flatté parameters 13

g5
F _ gi
“ o (2Esw _ 95 2 g5
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(gf e o) <m1g% 2peg? ) Second reading order
g2 93
91 P 91
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pAm 1
022 =
p0(2+1)+%¥?
0
. Am 1 1
022 = p2 (a? + 1) L+ 2Rk
(a? + Dpy
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- g3 Po

h
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1

fi1 = >
2Egyw .95 2 :
2z L 2P|~ 7 T 1
91 91 mi9q
= -
11 =
<2EBW _ ig% p0> — ik
gi  gi
1
flPi — Do 1 .
(a? — ﬁpo) — ik
f1F1 = szFz

U1F1 = R2|fzg|2

Y 2Rk
0-11 = 2 2 1 — 2
R?p§ (a? + 1) (a? + 1Dpy

41T -2
Rp2 \ (a? + 1)?p,

)kz — ik + O(k%)
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EFT 16

EFT — 1 by = — by, :i b, :i
. 1 _ al — ik 11 a12 22
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ci + ¢ — 2c,k
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2 2
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41 2C
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General form . Ex/ouc hadron 19

0 1

We consider the two-channel scattering.

» Conservation of probability Momentum k(E)

j|> Optical theorem with channel couplings

2
@ Momentum p(E)
£l M (E) —ik  Myy(E) M,..: Analytic functions of E
M+ (E) M3, (E) —ip k,p: Momentum

2
Flatté amplitude : det(fF)=det( 91 9132) =0
9192 92

j‘> Flatté amplitude does not satisfy the optical theorem.



Analytic comparison 20

We compare ag, rg With aggr, rgpr, Using EF T parameters.

Matching of f,, at small k.

F o_ EFT
22 2 2 22—
2E : 2 . : 2 2 2
<ﬂ—1g—2po>—< + =92 >k2—lk+0(k4) L _ G P (g 4 %2 )2 k4 0k?)
d11  ay,dz; ai; 2poaiy

m; gi lzpogf
2 ,  2ai, - _1(1_a%2>

2 _
g1 = 9z = 3 BW = 2 3
miQaqq mpajq my \ay, Qaj310a22

ar and rr can be expressed by the EFT parameter a;q, a;,,a,5.

aF(g%'g%' Egw) E> ap(aqq, a1z, dz3)
Tr (gf, g%, Esw) rr(aqq, a1z, az2)




Pole position 21

We compare the pole potion of fEFT with that of fF.

The EFT scattering amplitude

1 1
-1 (— + ip(E)) —_—
FEFT(F) = {% _ (i 4 ip(E)) (i N ik(E))} az; 1 1 Az
fz T - — (— + ik(E))
=0 a12 a1

a1, 0a12,0a,; EFT parameters
The Flatte scattering amplitude

, Egw, 9%, g5; Flatté parameters
fE(E) ={2Egy — E — ig?k(E) — ig%p(E)}_1< 1 gl%) k(E) ; channel 1 momentum
—0 9192 9z p(E) ; channel 2 momentum




Flatté parameters from near-threshold data 22

Create mock data of the cross section from EFT amplitude which satisfies the optical theorem.

o= | ££da = amifP
Fit the cross section near the threshold(E = 0) by the Flatté amplitude.

1/fE, up to order k* can be written by only two parameters R, a[2].

92 1
P h _ R o= 2Epw
2 1 . -
(H#—ig—%p(,)—ik (Q%—lﬁpo)—lk g3 Do
91 91
. . 2
We find 1/f{; up to k! can also be written by only two parameters R, a. p=d1
. 1 1 9z
=7 2 T po_ 1
(2~ S ) -k (o= ippo) i
91 91

fF(g%, g5, Egw) three parameters [f> fF(R, @) two parameters(near the threshold)
(2] V. Baru et al. Eur. Phys. J. A, 23, 523-533 (2005)



Flatté parameters

We expand cross section up to liner in momentum.

41T 1 2Rk
011 (R, @) R2p? (a? + 1)( (a2 + 1)p0>

Below the threshold, the momentum k becomes pure imaginary

oy (R, ) = (1 o ) (F > 0)
p; (a? +1) (a? + 1)p,

o (Ra) = =1 (1 o ) (E < 0)
p; (a? +1) (a? + 1)p,

(= i]k])

The slopes of are determined by two parameters(R, a) near the threshold[2].

[2] V. Baru et al. Eur. Phys. J. A, 23, 523-533 (2005)

23



EFT parameters from near-threshold data 24

Next, we also determine the EFT parameters a;4, a4, a5,

1/£EFT up to order k?!

2
(a12) 1 5
EFT _ a11 _ o = a1 1 o= a1
22 = > > = — — 3= "5 ) 4 =\
1 _ap _jPo%2 ) _ (c3 — ipg) — icsk ajp a2z iz
a11  af;a;; az,
EFT

is written by two parameters cs, c,.

1/fEFT up to order k?!

1 1
EFT _ 1 _ 1 o = a3,02; . 1 o = a%z Po
1 1 1 . ¢, +ic, — ik 171 a, 21 |,
7 — — ik ——+ pé —— t Do
aiy ai1 azz az;
+ ipgaz,
aso

EFT is written by different two parameters ¢4, c,.

fEFT (a4, aq2, ay,) three parameters(near the threshold)



EFT parameters 25

i i i _ A0y 1
We expand cross section up to liner in momentum. =71 73
a2 + Do 1
22
41T 2C2 1
J1]51FT: 2 2<1+ 2 2k> (£>0) ~ 2 Po
C{ T C5 C{ T C5 . = 12
2 1 5
_ _ a_2+Po
Below the threshold, the momentum k becomes pure imaginary 22

41t 2D0Cy
EFT
o = 1————%k
22 c§+p3< c§+p5> (£>0)

4 2
GEFT — T[4 2953% (E <0) (k = ilkl)
22 2 1 2 2 1 2

2
. a;; 1 Cy = <a11>
3 — 2 — )
alz as-o aip

The EFT cross section offT depends on three parameters(a,¢, a3, ay,) near the threshold.




Numerical comparison 26

0.5 . . ! .
_ o X
Application to the mm-KK system with £,(980) for Ob grr. @
quantitative comparison E |
<-0.5r

EFT parameters ayq,a4,, a,, corresponding to Ref.[6] E 1l % e
a11 - 053 [fm], a12 — 024‘ [fm], azz — 015 [fm] 15 | | : | |

15 -1 -05 0 05 1 1.5

0.5 T I | I
ar = —0.98 — 0.98i[fm] 1z = —1.05 — 0.08i[fm] T §
. Ob e - TEFT. W |
ager = =045 —098ilfm] . — _0.09 — 0.10[fm] = X ®
=-05F
s . E
ar and rp are quantitatively different A}
from agpr and rgpp in the physical system. |
%5 1 05 0 05 1 15

6] R.R. Akhametshin et al., Phys. Lett B 462, 380 (1999) Re(r) [fm]



Pole position 27

n-KK system with £,(980) 50 g A
5 Kp X
EFT parameters a4, a5, a,, corresponding to o I S (EFT
Ref.[6] Z i
3 0 X -
a1 = 0.53 [fm], Ao = 0.24 [fm], ayyp = 0.15 [fm] ,E._.\ ®
Numerically solve pole condition £ 1007 ]
150 - .
Flatté pole : kj = —139 — 55i [MeV/] 5
2200 | | | l | | |

EFT pole: ngT = —174 — 78i [MeV] -200 -150 -100 -50 O 50 100 150 200
Re(k) [MeV]

The Flatté pole position is different from the
EFT pole position. (6] R.R. Akhametshin et al., Phys. Lett B 462, 380 (1999)
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30 . k[GeV] .

25 ]
L 20 -
(b]

3 15 ]
N |
51 \ :
00005 01 015 02 0.2¢
k [GeV]

30—

0 005 041 015 02 02F
K [GeV]

Procedure )3

Three slopes

—

a11,A12,A22

Y
ai11a5,(1 + ipga,)

2 .
ai, (1 +ipoazy) — aq1a;;

AprT =

i { Ay }2
Yepp = — _
B po (a12(1 + ipgasy)

agrr Can be determined by only near threshold data.

rgpr Suffers from the higher order contributions.
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